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The hyperbolic metric

The upper half-plane
H:={zeC/ Imz> 0}
Equipped with the metric :

dx? + dy?
y2



The hyperbolic metric

The upper half-plane
H:={zeC/ Imz> 0}
Equipped with the metric :
dx? + dy?
y2

More precisely, for all z € IH and u,v € T,HH, we have :

1
< U, v >= 5 <u,v>

(Imz)

where <, > is the usual Euclidean product for C = IR2.



The hyperbolic length

For a curve 7 : [a, b] — H , v(t) := x(t) + iy(t), the length
h(y) is given by

o) = [T [ ST TG

2 Im~(t) y(t)

Example
Let y(t) :=it, t € [a,b]. Then

o) = [ et =in(2)



Distance and angles

@ The hyperbolic distance p(zy, z1) between two points
29,21 € H is defined by the formula

p(z0,21) = infh(y)

where the infinimum is taken over all v joining zy and z
in IH.



Distance and angles

@ The hyperbolic distance p(zy, z1) between two points
29,21 € H is defined by the formula

p(z0,21) = infh(y)

where the infinimum is taken over all v joining zy and z
in IH.

@ Hyperbolic angles in IH are the same as Euclidean angles




Mobius transformations of [H

For a,b,c,d € IR, such that ad — bc = 1, let

az+b
cz+d

¢(2) =



Mobius transformations of [H

For a,b,c,d € IR, such that ad — bc = 1, let

az+b
cz+d

¢(2) =

@ ¢ maps H into H :



Mobius transformations of [H

For a,b,c,d € IR, such that ad — bc = 1, let

az+b
0(z) = cz+d
@ ¢ maps H into H :
Imz
m(6(@) = [ g




Action of PSL(2,R) on H

A smooth action of the group SL(2,IR) on H is given by

a b Z_az—i—b
c d cz+d
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Action of PSL(2,R) on H

A smooth action of the group SL(2,IR) on H is given by

a b Z_az—i—b
c d cz+d

This induces an effective smooth action on H of the group

PSL(2,R) := SL(2, R)/{Fh}
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Action of PSL(2,R) on H

A smooth action of the group SL(2,IR) on H is given by

a b Z_az—i—b
c d cz+d

This induces an effective smooth action on H of the group

PSL(2,IR) := SL(2, R)/{¥h}
We can identify PSL(2,1R) with the group of Mobius
transformations of H :

az+b
cz+d

{p:z+ /ad —bc=1, ab,c,de R}
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Remarks

e Mobius transformations include the fractional

b
transformations F(z) := azi—d with ad — bc > 0 and
cz

a,b,c,d € R.
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Remarks

e Mobius transformations incluge the fractional

. a .
transformations F(z) := 2D ith ad — be > 0 and
cz+d

a,b,c,d € IR. In particular, they include

@ Translations of the form z — z 4+ « for o € IR.
@ Dilatations of the form z +— rz for z € IR

o Inversion z — ——
V4
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Remarks

e Mobius transformations incluge the fractional

. a .
transformations F(z) := 2D ith ad — be > 0 and
cz+d

a,b,c,d € IR. In particular, they include

@ Translations of the form z — z 4+ « for o € IR.
@ Dilatations of the form z +— rz for z € IR

o Inversion z — ——
V4

az+b

_ _ cz+d
can be decomposed into the following four maps :

e A generic Mdbius transformation ¢(z) =

(c #0)

1 1

d 1
Alz)=z+ -, flz) = -, fl2) = 52 flz) =2+ -
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Transitivity
SL(2,1R) acts transitively on TH :

‘V’ZG]I-I,sz+iy:<

17

o§|<
Sl



Transitivity
SL(2,1R) acts transitively on TH :

‘V’ZG]I-I,sz+iy:<

o§|<
Sl

).,-

SL(2,1R),-:{( 2 S)/32+b2:1}:50(2)

The isotropy subgroup in i :
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Transitivity
SL(2,1R) acts transitively on TH :

‘V’ZG]I-I,sz+iy:<

o§|<
Sl

).,-

SL(2,1R),-:{( 2 S)/32+b2:1}:50(2)

The isotropy subgroup in i :

which gives :
SL(2,R)/SO(2) = H

10



Hyperbolic lines
Definition

A hyperbolic lines are semicircles orthogonal to the reel axis or
a vertical straight lines.

20



Hyperbolic lines

Definition
A hyperbolic lines are semicircles orthogonal to the reel axis or
a vertical straight lines.

Proposition

Let ¢ € PSL(2,1R) and L a hyperbolic line. Then ¢(L) is a
hyperbolic line.

il



Hyperbolic lines

Definition
A hyperbolic lines are semicircles orthogonal to the reel axis or
a vertical straight lines.

Proposition

Let ¢ € PSL(2,1R) and L a hyperbolic line. Then ¢(L) is a
hyperbolic line.

Proposition

PSL(2,R) C Isom™(IH)

29



Hyperbolic lines

Definition
A hyperbolic lines are semicircles orthogonal to the reel axis or
a vertical straight lines.

Proposition

Let ¢ € PSL(2,1R) and L a hyperbolic line. Then ¢(L) is a
hyperbolic line.

Proposition
PSL(2,IR) C Isom™ (HH)
Corollary
Vo € PSL(2,IR), h(v) = h(¢(7))
23
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Geodesics
Theorem
The geodesics in IH are the hyperbolic lines

Proof. Let z;, z € IH. We will show that the shortest path
between them is L.
[ J
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Geodesics

Theorem
The geodesics in IH are the hyperbolic lines

Proof. Let z;, z € IH. We will show that the shortest path
between them is L.

e Step 1: Suppose first that z; = ia, z, = ib (b > a). Let v
be any piecewise differentiable path joining ia and ib, with
(t) = x() + iy(t)

[ e -
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Geodesics

Theorem
The geodesics in IH are the hyperbolic lines

Proof. Let z;, z € IH. We will show that the shortest path
between them is L.

e Step 1: Suppose first that z; = ia, z, = ib (b > a). Let v
be any piecewise differentiable path joining ia and ib, with

v(t) = x(t) + iy(t)

e Step 2: For arbitrary z;,z, (Rez; > Re z,). There exists
¢ € PSL(2,IR) which maps L into the imaginary axis:
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Geodesics

Theorem
The geodesics in IH are the hyperbolic lines

Proof. Let z;, z € IH. We will show that the shortest path
between them is L.

e Step 1: Suppose first that z; = ia, z, = ib (b > a). Let v
be any piecewise differentiable path joining ia and ib, with

v(t) = x(t) + iy(t)

e Step 2: For arbitrary z;,z, (Rez; > Re z,). There exists
¢ € PSL(2,IR) which maps L into the imaginary axis:

oz) = 2t

z—(c—r)
where c is the center of the sea’gcircle L and r the radius of L.



o

Zyzy is parametrised by a(6) = ¢ + re?, 6 € [01,0,]. Then

B 21 i tan(92—2)
h(a)—/al sin(@)de_l (tan(%)

29



o

Zyzy is parametrised by a(6) = ¢ + re?, 6 € [01,0,]. Then

2 1 tan(%
h(a) :/ = _dh=1In a”(;)
9, sin(f) tan(%)
Let v be any path in IH joining z; and z. Then ¢ o~y is a
path between

z—(c+r) -1 . 6
oz) = z—(c—r) €1 /tan(E)

and ¢(z) = itan(%).

2
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o

Zyzy is parametrised by a(6) = ¢ + re?, 6 € [01,0,]. Then

2 1 tan(%

h(a) :/ = _dh=1In a”(;)

9, sin(f) tan(%)

Let v be any path in IH joining z; and z. Then ¢ o~y is a
path between

z—(c+r) -1 . 6
oz) = z—(c—r) €1 /tan(E)

and ¢(z) = itan(%2). Then (step 1)

2

h(7) = h(607) > In (ta"(§)> ~ ha)

21



Hyperbolic distance

There is a unique hyperbolic line passing through any two
distinct points z;, z, of IH. The hyperbolic distance p(z, z,) is
the lenght of of the hyperbolic line segment joining them.

k¥l



Hyperbolic distance

There is a unique hyperbolic line passing through any two
distinct points z;, z, of IH. The hyperbolic distance p(z, z,) is
the lenght of of the hyperbolic line segment joining them.

Proposition
— 4

(Z]_, 22) = 2Argth | |

-1
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Hyperbolic distance

There is a unique hyperbolic line passing through any two
distinct points z;, z, of IH. The hyperbolic distance p(z, z,) is
the lenght of of the hyperbolic line segment joining them.
Proposition

—

(Z]_, 22) = 2Argth | |

Proof. Suppose Re z; > Re z,, with z; = ¢ + re®* and

-1

zp=c+re. Let p= p(z1,2), then
p e’ —1

tanh(2) =

anh(3) = o7
_ tan(%z) —tan(%)
B tan(e—;) +tan(%)
B sin(92§91)
o osin(%h) L,



On the other hand

|zo—z1 > = r*((cosfy — cosb)? + (sin O, — sin 6;)?
= 2r*(1 — (cos(#, — cos ;)
= 4r° sinz(—@2 — 91)

and similarly

0, + 0
| 2, — 71 = 4r%sin’( 2; 5)
hence | |
P Zy — 77
tanh(= =
(2) |Z2_Z]_|

5



Proposition

sinh (p(zl,22)> _ |lz—2a] (1)

2 2|m21|m22

Exercise.

@ Show that the Euclidean circle CE(ib, r) is the hyperblolic

circle C%(ic, R) wher ¢ = /b2 — r? and R = LIn (&),

@ Show that every hyperbolic disc in IH is an Euclidean disc
(with different center of course), and vice versa.

@ Show that the topology induced by the hyperbolic metric
is the same as the topology induced by the Euclidean
metric.

@ show that (TH, p) is a complete metric space.

26
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Isometry group

Theorem
)

PSL(2,IR) = Isom™ (IH)

@ The group Isom(IH) is generated by transformations in
PSL(2,IR) together with z — —Z.

Proof. Let ¢ be any isometry of IH. Then L = ¢(IR%/) is a
hyperbolic line.

28



Isometry group

Theorem
)

PSL(2,IR) = Isom™ (IH)

@ The group Isom(IH) is generated by transformations in
PSL(2,IR) together with z — —Z.

Proof. Let ¢ be any isometry of IH. Then L = ¢(IR%/) is a
hyperbolic line. There exists an element of PSL(2,IR) which
maps L to the imaginary axis IR /.

20



Isometry group

Theorem
)

PSL(2,IR) = Isom™ (IH)
@ The group Isom(IH) is generated by transformations in
PSL(2,IR) together with z — —Z.

Proof. Let ¢ be any isometry of IH. Then L = ¢(IR%/) is a
hyperbolic line. There exists an element of PSL(2,IR) which
maps L to the imaginary axis IR% /. By applying
transformations z — kz (k > 0) and z — —1 as necessary
there exists an element ¢ € PSL(2,IR) such that

po(i)=1i and ¢o(2i)=2i

40



Isometry group

Theorem

°
PSL(2,IR) = Isom™ (IH)

@ The group Isom(IH) is generated by transformations in

PSL(2,IR) together with z — —Z.

Proof. Let ¢ be any isometry of IH. Then L = ¢(IR%/) is a
hyperbolic line. There exists an element of PSL(2,IR) which
maps L to the imaginary axis IR% /. By applying
transformations z — kz (k > 0) and z — —1 as necessary
there exists an element ¢ € PSL(2,IR) such that

po(i)=1i and ¢o(2i)=2i

We will show that f := ¢ o 1) fixes each point of IR./.
41



Let ¢ >0, c # 1 and let ¢'i = f(ci),

40



Let ¢ >0, c # 1 and let ¢/i = f(ci), then

p(c'i,i) = p(f(ci), i) = p(ci, i) =| In(c) |
and similarly
p(c'i,2i) =[ In(3) |

43



Let ¢ >0, c # 1 and let ¢/i = f(ci), then

p(c'i, i) = p(F(ci), i) = p(ci, i) =| In(c) |
and similarly

p(ci,21) =/ In(3) |
Hence

In(c) =In(c) and In(%) =In(%)

The only possibility is that f(ci) = ci.

44



Let ¢ >0, c # 1 and let ¢/i = f(ci), then
p(c'iyi) = p(f(ci), i) = p(ci, i) =[In(c) |

and similarly
I oA C
p(c'i,2i) =| In(§) |
Hence ,
/ C c
In(¢") = In(c) and In(a) = |n(§)

The only possibility is that f(ci) = c¢i. Now let
z=x+1iy € Hand f(z) = u+iv. Forall t >0,

px + iy, it) = p(u + iv, it)
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Let ¢ >0, c # 1 and let ¢/i = f(ci), then
p(c'iyi) = p(f(ci), i) = p(ci, i) =[In(c) |

and similarly
p(c'i,2) =| In(3) |

Hence )
In(c) =In(c) and In(%) = In(%)

The only possibility is that f(ci) = c¢i. Now let
z=x+1iy € Hand f(z) = u+iv. Forall t >0,

px + iy, it) = p(u + iv, it)
and by 1,

(0 +(y =)= (" + (v — 1))y

46



Dividing the both sides of the above equation by t? and taking
the limit as t — 400,

47



Dividing the both sides of the above equation by t? and taking

the limit as t — 400, we have v = y and u® = x°.
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Dividing the both sides of the above equation by t? and taking
the limit as t — 400, we have v = y and u? = x°. Thus
f(z) = z or f(z) = —Z. Since f is continuous only one of the

equations holds for all z € IH.
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Dividing the both sides of the above equation by t? and taking
the limit as t — 400, we have v = y and u? = x°. Thus
f(z) = z or f(z) = —Z. Since f is continuous only one of the
equations holds for all z € IH.
o If f(z) = z, then ¢ € PSL(2,IR)
az+b

o If f(z) = —Z, then ¢(z) = =1 d with ad — bc = —1.
z

50



The unit tangent bundle SHH

The action of PSL(2,IR) on H induces an action of
PSL(2,IR) on the unit tangent bundle
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The unit tangent bundle SHH

The action of PSL(2,IR) on H induces an action of
PSL(2,IR) on the unit tangent bundle SIH which is given by

dlz, u] := [9(2), dp=(u)]
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The unit tangent bundle SHH

The action of PSL(2,IR) on H induces an action of
PSL(2,IR) on the unit tangent bundle SIH which is given by

¢z, u] == [6(2), d¢-(u)]
This action is transitive and free (exercise):

V(z,u], 3 ¢ € PSL(2,IR), ¢(i) = z and d¢;(0,1) = u

53



The unit tangent bundle SHH

The action of PSL(2,IR) on H induces an action of
PSL(2,IR) on the unit tangent bundle SIH which is given by

Oz, u] = [¢(2), dpz(u)]
This action is transitive and free (exercise):

V[z,u], 3" ¢ € PSL(2,1R), ¢(i) = z and d¢;(0,1) = u

Theorem

There is a PSL(2, R)-equivariant diffeomorphism between
PSL(2,IR) and the unit tangent bundle STH

a b ai+b i
W PSL(2,R) — SH, W(C d>_[ci+d’(ci+d)2]

cA



Gauss-Bonnet Theorem

vz /N

Theorem

Let ABC be a hyperbolic triangle with internal angles «, 3, .
Then
Area(ABC) =7 — (a+ B +7)

515



Proof

We can assume that one side AC of a triangle ABC is a
vertical line and we express a such triangle as the difference of
two generalised triangles ABoo and CBoo.

dxd cos 3
Area(ABoo):// xzy / / —dy
ABo Y cos(m—a) Jv1—x2

Thus
Area(ABoo) =1 — a — f.

56



Aera of a hyperbolic polygon

Corollary

The area of a hyperbolic n-gon P (sides hyperbolic line
segments) is given by the formula

(n=2)1 — (o1 + -+ )

R7



Hyperbolic trigonometry

Definition

Two triangles ABC and A'B’C’ are congruent if there exists
¢ € Isom(IH) such that ¢)(A) = A', ¢(B) = B’ and
P(C)=C

Proposition

Two triangles with same internal angles are congruent

5Q



Proposition

RO






The Poincaré disc model

The Poincaré disc
D:={zeC/ |z|<1}
Equipped with the metric :

o dxP+dy?
D = (1—x2— y2)?

61



The Poincaré disc model

The Poincaré disc
D:={zeC/ |z|<1}
Equipped with the metric :

o =4 Y
D - (1—x2— y?)?

More precisely, for all z € ID and u,v € T,ID, we have :

< U, v >= 5 < u,v>

(1=1z)

where <, > is the usual Euclidean product for € = IR

62



Isometry between [H and D

) 1
f:H — D, f(z)::IZ+.
Z+1
with inverse
_ 1
f-D—H fYw):= M+,
w—

63



Ja
4 " -
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geodesics in D

Proposition

The geodesics in ID are the diameters of ID and the arcs of
circles in ID that meet 01D at right-angles.

They have equations of the form azz + fz + Bz + a = 0,
where o € IR and € C.
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Area and distance in D

o If AC D, then

4
AreaA://Amdxdy

e The distance is given by
b—a

b) = 2 Argth
l(a,b) = 2 Argth | T |
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Isometry group of D

The group

SU(1,1) :{(% ‘5’) / a3— bb =1}

acts on ID by Mobius transformations. The induced action of
the group
PSU(1,1) :=SU(1,1)/Fh

on D is effective, hence

PSU(1,1) = Méb(D) := {t : w e’e%/ heR, ac C}

Theorem
PSU(1,1) = Isom*(]D) PSL(2,R) = PSU(1,1)
68



The hyprbolic model

Let H' be the "upper sheet” z > 0 of the two sheeted
hyperboloid in IR® defined by

2221
Equipped with the metric :
gu =10"m

where ¢ : Ht < IR3 is the inclusion, and m is the Minkowski
metric dx? + dy? — dz°.

690



The hyperbolic steregraphic projection

70



The hyperbolic steregraphic projection
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The hyperbolic steregraphic projection

Poincare’s
disc

-

p:H" =D, p(xy,z):=(

X y
Tyzi+z
with inverse p~1 : ID — H*, given by
2X 2Y 14+ X2+ Y2
1—X2—Y2’1—X2—Y271—X2—Y2)
72

p X, Y) = (
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Geodesics and isometry

e Geodesics in H™ are exactly the intersection of the planes
through the origin with H*.
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Geodesics and isometry

e Geodesics in H™ are exactly the intersection of the planes
through the origin with H*.

e Let O,(2,1) be the subgroup of O(2,1) which map H* to
itself, and SO, (2,1) := 0,(2,1) NSL(3,IR). Show that

PSL(2,R) = SO, (2,1)

75



