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Outline

A Poisson algebra is a (finite dimensional) Lie algebra
(g,[, ]) endowed with a commutative and associative
product o such that, for any u,v,w € g,

[u,v o w] = [u,v] ow+ v o [u,w]. (1)

In this case the product given by

1
v = §[u,v] +uowv
is Lie admissible, i.e.,
[u,v] = u.v —v.u,
and satisfies

[u, v.w] = [u, v].w + v.[u, w].



An algebra (A, .) is called Poisson admissible if (A,[, |,0)

is a Poisson algebra, where
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[u,v] =u.v —vu and wov = §(ufu + v.u). (2)
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An algebra (A, .) is called Poisson admissible if (A,[, ],0)
is a Poisson algebra, where

1
[u,v] =u.v —vu and wov = E(uv + v.u). (2)

Note that w.v = 3[u,v] + uowv.













Denote by P the set of Poisson admissible algebras and AP
the set of associative Poisson admissible algebras.
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The purpose of this talk is:
@ To give a correspondence between the set of real
Poisson admissible algebras and a subclass of
bi-invariant connections on Lie groups,
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The purpose of this talk is:

@ To give a correspondence between the set of real
Poisson admissible algebras and a subclass of
bi-invariant connections on Lie groups,

© based on this correspondence, to introduce two
subclasses PP (parallel admissible Poisson algebras)
and P* (strong admissible Poisson algebras) such that

AP C PP CP°CP,

© to show that the set SL of symmetric Leibniz algebras
satisfies

SL C PP,

@ to introduce a subclass SYP C AP we call symplectic
Poisson admissible algebras and give some geometric
properties of this subclass.
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The proofs and details can be found in:

S. Benayadi M. Boucetta, Special bi-invariant linear connections on
Lie groups and finite dimensional Poisson structures, Journal of
Differential Geometry and its Applications, Volume 36, October 2014,

Pages 66-89.
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Geometric interpretation of finite dimensional
Poisson structures
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Connections, holonomy Lie algebra and parallel
connections

Recall that a linear connection V on a smooth manifold M
is a R-bilinear map

V: X(M) x X(M) — X(M)
satisfying
Vny = vaY and vaY = vaY + X(f)Y
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Connections, holonomy Lie algebra and parallel
connections

Recall that a linear connection V on a smooth manifold M
is a R-bilinear map

V: X(M) x X(M) — X(M)
satisfying
Vny = vaY and vaY = vaY + X(f)Y

Let TV and KV be, respectively, the torsion and the
curvature of V given by

TV(X,Y)=VxY - VyX — [X,Y],
KY(X,Y) = [Vx,Vy] = Vixy).
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For any closed curve 7 at p € M, there exists an
isomorphism A7 : T,M — T, M called the parallel
displacement along 7.
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For any closed curve 7 at p € M, there exists an
isomorphism A7 : T,M — T, M called the parallel
displacement along 7.

The totality of these h™ for all closed curves forms the
holonomy group H(p) C GL(T,M).

The restricted holonomy group H(p)° is the subgroup
consisting of A7 with 7 homotopic to zero. Its Lie algebra is
called holonomy Lie algebra.
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On the other hand, consider linear endomorphisms of 7, M
of the form KV (X,Y), (VzKV)(X,Y), (VwVzKV)(X,Y),

. (all covariant derivatives), where X, Y, Z W, . . . are
arbitrary tangent vectors at p. They span a subalgebra hZY
of End(7,M,R) called infinitesimal holonomy Lie
algebra.
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On the other hand, consider linear endomorphisms of 7, M/

of the form KV (X,Y), (VZzKV)(X,Y), (VwV2KV)(X,Y),
. (all covariant derivatives), where XY, Z, W, . . . are

arbitrary tangent vectors at p. They span a subalgebra [)Z

of End(7,M,R) called infinitesimal holonomy Lie

algebra.

The Lie subgroup Exp(h)’) of GL(T,M,R) generated by by

is the infinitesimal holonomy group at p.

The main result in this theory is that:
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A connection V is called invariant under parallelism if

VTV =0 and VKY =0.
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A connection V is called invariant under parallelism if
VIV =0 and VKY =0.

Another connection V is rigid with respect to V if
S =V — V is parallel with respect to V, i.e., V.S = 0.
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A connection V is called invariant under parallelism if
VIV =0 and VKY =0.
Another connection V is rigid with respect to V if
S =V — V is parallel with respect to V, i.e., V.S = 0.

In this case, we have the following formula

KY(X,Y) = KY(X,Y) + [Sx, Sy] + Srv(xy)- (3)
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The case of a Lie group considered as a
reductive homogeneous space

Let G be a connected Lie group considered as a reductive
homogeneous space.
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The case of a Lie group considered as a
reductive homogeneous space

Let G be a connected Lie group considered as a reductive
homogeneous space.

An invariant connection on G is just a bi-invariant
connection.

If g =T.G is the Lie algebra, for any u € g we denote by u
(resp. u") the left invariant (resp. the right invariant)
vector field associated to u.

l
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Let (A,.) be a real Lie admissible algebra, (g, [, ]) its
associated Lie algebra and G the associated Lie group.
The product on A defines a left invariant connection V on

GA by V! = ().
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Let (A,.) be a real Lie admissible algebra, (g, [, ]) its
associated Lie algebra and G the associated Lie group.
The product on A defines a left invariant connection V on
GA by V! = ().

The relation [u, v.w] = [u, v].w + v.[u, w] is equivalent to V
is bi-invariant and hence V is rigid with respect to V. So,
if S =V —V° then

KY (u,v) = Kvo(u,v) + [Su, Sy

(A, 0) is associative and commutative iff [S,, S,] = 0.
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Let (A,.) be a (real) Poisson admissible algebra and V the
corresponding special connection on G*.
Q V is flat iff (A4, .) an associative algebra.
@ We call (A4, .) parallel Poisson admissible if V is
parallel.
@ We call (A4, .) strong Poisson admissible if V is strong.
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Let (A,.) be a (real) Poisson admissible algebra and V the
corresponding special connection on G*.
Q V is flat iff (A4, .) an associative algebra.
@ We call (A4, .) parallel Poisson admissible if V is
parallel.
@ We call (A4, .) strong Poisson admissible if V is strong.
We have

AP Cc PP C PP CP.

A7



Leibniz algebras

A left Leibniz algebra is an algebra (A, .) such that for
any u € A, the left multiplication L, is a derivation, i.e., for
any v,w € A,

u.(v.aw) = (u.v).w + v.(ww).
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Leibniz algebras

A left Leibniz algebra is an algebra (A, .) such that for
any u € A, the left multiplication L, is a derivation, i.e., for
any v,w € A,

u.(v.aw) = (u.v).w + v.(ww).

A right Leibniz algebra is an algebra (A, .) such that,
for any u € A, the right multiplication R,, is a derivation,
i.e., for any v, w € A,

(vaw)u = (vau)w+v.(w.u).
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Leibniz algebras

A left Leibniz algebra is an algebra (A, .) such that for
any u € A, the left multiplication L, is a derivation, i.e., for
any v,w € A,

u.(v.aw) = (u.v).w + v.(ww).

A right Leibniz algebra is an algebra (A, .) such that,
for any u € A, the right multiplication R,, is a derivation,
i.e., for any v, w € A,

(vaw)u = (vau)w+v.(w.u).

An algebra which is left and right Leibniz is called
symmetric Leibniz algebra.
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We can state now one of our main results.




By using the geometric interpretation of Poisson structures,
we get the following interesting corollary:.






















60



61



62



In dimension 2, the only non trivial Poisson admissible
algebras are the associative commutative algebras.
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In dimension 2, the only non trivial Poisson admissible
algebras are the associative commutative algebras.

In dimension 3, the only non trivial Poisson admissible
algebras are:

@ The associative commutative algebras,

© Two associative non commutative algebras whose
underlying Lie algebra is the 3-dimensional Heisenberg
Lie algebra,

© One Poisson admissible algebra which is not strong
whose underlying Lie algebra is F(2).

@ One Poisson admissible algebra which is parallel and
not Leibniz symmetric whose underlying Lie algebra is

E(2).
@ One Leibniz symmetric algebra whose underlying Lie
algebra is F'(2).
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Symplectic Poisson algebras

Let (G, Q) be a symplectic Lie group. It is well-known that
the linear connection given by the formula

Q(Vzlvl,wl) = —Q, [ut, w'), 9)

where u, v, w € g, defines a left invariant flat and torsion
free connection V2. Moreover, V?() never vanishes unless GG
is abelian.
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Symplectic Poisson algebras

Let (G, Q) be a symplectic Lie group. It is well-known that
the linear connection given by the formula

Q(Vzlvl,wl) = —Q, [ut, w'), 9)

where u, v, w € g, defines a left invariant flat and torsion
free connection V2. Moreover, V?() never vanishes unless GG
is abelian.

So we can define a tensor field N by the relation

ZZQ(UI7 wl> = Q(N(ul7 Ul)v wl)'
The linear connection given by
1 1
Ve = Vil 4 gN(ul,vl) + gN(vl, ul)

is left invariant torsion free and symplectic, i.e., V5Q = 0.
67



A straightforward computation gives that V® can be
defined by the following formula

Vo, ) = %Q([ul,vl],wl) + %Q([ul,wl],vl). (10)
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A straightforward computation gives that V® can be
defined by the following formula

1 1
Q(VE L wh) = gQ([ul,vl], w') + gﬂ([ul, w', 0. (10)
Let (g,w) be the Lie algebra of G endowed with the value
of (2 at e. We denote by a* and o° the product on g

induced, respectively, by V* and V*. We have, for any
U, v € g,

1
a*(u,v) = —adiv and o°(u,v) = 3 (ad,v — ad;v),
(11)

where ad;, is the adjoint of ad, with respect to w.
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Let (g,w) be a non abelian real symplectic Poisson algebra
and G a connected Lie group having g as its Lie algebra.
The symplectic form w defines on G a symplectic left
invariant form €2. Consider the two linear connections V*
and V* defined on G by (9)-(10). These two connections
are bi-invariant, flat, complete and V*Q = 0. It was shown
in [3] that €2 is polynomial of degree at most dim G — 1 in
any affine coordinates chart associated to V*. The
following result gives a more accurate statement on the
polynomial nature of 2.
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