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Motivation Uniformization
Theorem
(Poincaré- Kobe).
Every simply
connected
Riemann surface is
conformally
diffeomorphic to
the 2-sphere S?,
the plane R? or
the Poincaré disc
H2
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Surface-to-Plane Surface-to-Surface
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Pb : For two
surfaces with
similar topology, is
there a bijective
mapping between
them

That maps triangle ,
triangle to triangle ‘ yava
and boundary to
boundary ?

Motivation

3D space (x,y,2)

2D parameter domain (u,v)

boundary
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Motivation

Given a 3D
surface-mesh S
and a domain

Q ( plane,
spherical or
hyperbolic) : Find
a bijective map
®:S5S — Qthat
minimize the
distortion.
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Texture
Object
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Mapped
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Remesh
surfaces, or
replace one
triangulation
by another,
to obtain a
parameteri-
zation that
minimize
the
distortion.

Applications
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Let f : Q — R3 be a parameterization of S = f(Q) over the
setting the first fundamental form

o fafu fuf,\_(EF

F=\ %% f-f )\ F G
T £l

lf=Ji Jr = ( T )(fufv) =Ir

where Jr = (f,f,) is the Jacobian of f, i.e. the 3 x 2 matrix
with the partial derivatives of f as column vectors.

oo parameter domain Q C R2.

<

<
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Smooth The two eigenvalues A1 and X, of I¢ :

setting

A2 = ((E +G) =+ \/4F2 + (E - G)2)

N
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E— The two eigenvalues A1 and X, of I¢ :

setting

A2 = % ((E+ G) =+ \/4F2 + (E - G)2)

f is isometric or length-preserving <= A1 =X =1.
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E— The two eigenvalues A1 and X, of I¢ :

setting

A2 = % ((E+ G) =+ \/4F2 + (E - G)2)

f is isometric or length-preserving <= A1 =X =1.
f is conformal or angle-preserving <—= A1 = Ap.
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E— The two eigenvalues A1 and X, of I¢ :

setting

A2 = % ((E+ G) =+ \/4F2 + (E - G)2)

f is isometric or length-preserving <= A1 =X =1.
f is conformal or angle-preserving <—= A1 = Ap.
f is equiareal equiareal or area-preserving <= A1Ax = 1.
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E— The two eigenvalues A1 and X, of I¢ :

setting

A2 = % ((E+ G) =+ \/4F2 + (E - G)2)

f is isometric or length-preserving <= A1 =X =1.

f is conformal or angle-preserving <—= A1 = Ap.

f is equiareal equiareal or area-preserving <= A1Ax = 1.
isometric <= conformal + equiareal.
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Parameter domain : Q = {(u,v) € R2: u € [0,27),v € [0,1]}
Surface: S={(x,y,z) eR3: x> +y?=1,z€[0,1]}

Smooth
setting
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Parameter domain : Q = {(u,v) € R2: u € [0,27),v € [0,1]}
Surface: S={(x,y,z) eR3: x> +y?=1,z€[0,1]}
Parameterization : f(u, v) = (cos u,sin u, v)

Smooth
setting
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Parameter domain : Q = {(u,v) € R2: u € [0,27),v € [0,1]}
Surface: S={(x,y,z) eR3: x> +y?=1,z€[0,1]}
Parameterization : f(u, v) = (cos u,sin u, v)

fe"t“ﬁ,‘f;h Inverse : f~%(x,y,z) = (arccos x, z).
10
=10 1

eigenvalues: A =1, Al =1.
Then f is an isometry.

—
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Surface : hemisphere.

Smooth
setting



Mesh Parameterization and Applications

L Smooth setting

Mesh Parame hemisphere (stereographic)

terization and
Applications

B Parameter domain : Q = {(u,v) e R?: v?2 +v2 < 1}
Surface : hemisphere.

H : . _ 2u 2v 1—u?—v?
Parameterization :  f(u,v) = <1+u2+v2, et 1+u2+v2>

Smooth

S eigenvalues :  \; = 4d?, X = 4d?, with d = m
This mapping is always conformal but not equiareal.
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Smooth
setting

Maps loxodromes to lines. And it is conformal.
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Smooth
setting

Gauss [1827] : A globally isometric parameterization exists only
for developable surfaces like planes, cones, and cylinders with
vanishing Gaussian curvature.
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A. Ikemakhen 57’ : a 3D-triangle
mesh surface.

Q a 2D-triangle
mesh surface.

f:Q—5r
Barycentric 1.
i and g ;= f :

57' — Qs

defined vertex by
vertex and is
continious and
linear on each
triangle T.

g is called a
parameterization
of the
mesh-surface S—.
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SRR We first specify the parameter points :
u; = (uj,v;),i = n+1,....,n+ b for the boundary vertices
p; € B = 02. Then we minimize the overall spring energy

1< 1 )
Barycentric E= 5 Z Z §DU HU,’ - uJH

Mappings i=1jeN;

where Dy = Dj; is the spring constant of the spring between p;
and p; , with respect to the unknown parameter positions

u; = (uj, v;) for the interior points.
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u; = (uj,v;),i = n+1,....,n+ b for the boundary vertices
p; € B = 02. Then we minimize the overall spring energy

1< 1 )
Barycentric E= 5 Z Z §DU HU,’ - uJH

Mappings i=1jeN;

where Dy = Dj; is the spring constant of the spring between p;
and p; , with respect to the unknown parameter positions

u; = (uj, v;) for the interior points.

oE
e > Dy (uj — u))
' jeN;
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SRR We first specify the parameter points :

u; = (uj,v;),i = n+1,....,n+ b for the boundary vertices
p; € B = 02. Then we minimize the overall spring energy

1< 1 5
e E=2> 2 5Dilui—u]
arycentric 1 .
Mappings i=1jeN;
where Dy = Dj; is the spring constant of the spring between p;
and p; , with respect to the unknown parameter positions
u; = (uj, v;) for the interior points.

oE

e > Dy (uj — u))
' jeN;

the minimum of E is obtained if

Z D,-ju,- = Z D,:,'UJ'

JEN; JEN;
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This is equivalent to saying that each interior parameter point
u; is an affine combination of its neighbours,

uj = E Aijuj
Barycentric ! Uty

Mappings jENI

with normalized coefficients :

Xj=Dj/ Y Du

keN;
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This is equivalent to saying that each interior parameter point
u; is an affine combination of its neighbours,

uj = E Aijuj
Barycentric ! Uty

Mappings jENI

with normalized coefficients :

Xj=Dj/ Y Du

keN;

< uj— Z )\,-juj: Z )\,:,'Uj

JEN:,j<n JEN;j>n
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To find the solution in practice :
1. Fix the boundary points b; € B

Barycentric
Mappings
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To find the solution in practice :
1. Fix the boundary points b; € B
2. Form linear equations

Barycentric u; = b |f i S B
Mappings ! I
u; — Z )\,-J-.uj = Z )\,-juj, if i ¢ B

JEN;,j<n JENij>n
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To find the solution in practice :
1. Fix the boundary points b; € B
2. Form linear equations

Barycentric u; = b |f i S B
Mappings ! I
u; — E )\,-J-.uj = E )\,-juj, if i ¢ B
JEN;,j<n JEN;j>n

3. Assemble into two linear systems (one for each coordinate) :

B ~ 1 ifi=j
LU=U, V=V Lj=4q —X; ifjeN;,i¢B
0 otherwise
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RN (et P = [vi,..., v, C R? be a convex polygon.
Any functions A; : P— R, i=1,...,n, will be called
Generalized Barycentric coordinates (GBC) if, for all v within
P:

n n
Barycentric Z)\I(V) =1 and Z AI(V)VI = V.

i=1 i=1

Mappings

Vit1
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A. Ikemakhen Wachspress Coordinates (WC) :

w. .
Ai=— ! , where w; = cC lC , and A;, C; are respectively
i-1Cj
> wji
j=1
Barycentric the areas of the triangles [V7 Vi, V;+1], [V,'_17 Vi, V,'_|_1]. Or
Mappings . . )
w cot(pj—1) + cot
Ni=———, where w;= (5 )2 (“’)7
fi
> wji
=1

Vit1
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Mean Value Coordinates (MVC) :

tan(ai*l) + tan(%)
Wi = )

Wi

= "n
>
=1

Ai

Barycentric
Mappings
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Harmonic Coordinates (HC) on convex polygons :

Iy
Ai = ———), w; = cot(pj—1) + cot(5;),

Barycentric
Mappings
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If we take in the equation AU = U, AV = V, where A = (a;)

1 ifi=j
Mappinge aj=4q —Aj ifjeN,
0 otherwise

and Aj are ones of the BC of a point v; in the 3D mesh we
found an approximating conformal mapping that is bijective.
Remark : For Harmonic coordinates, we impose a mesh that
verifies

pi—1 + Bi < . i.e. Delaunay Triangulation.
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uniform

Barycentric
Mappings

harmonic

mean-value
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Let M = (V,E, T) be an oriented 3 -connected disk-type
Barycentric triangular surface-mesh. V = (v;) set of vertices. wj; a
Mappings barycentric coordinates associated to v;.

Discrete Dirichlet energy associated to M is

1
E(®) := 5 > wiil| @i — 52,
e,'jEE

where ®; = ®(vj).
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Planar Dirichlet Problem (DP) :

min  E(P)
s.t. ®;=p; Vv € oM
Barycentric
Mappings where p; € B are vertices of a convex polygon B on the plane,

and the assignment ®; — p; defines a homeomorphic boundary
map OM — 0B.

(i) there exists a critical points of DP contained in B; and

(ii) every critical points of (DP) contained in B defines a
bijection between M and B.

3D space (x,y,2)

2D parameter domain (u,v)
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Barycentric
Mappings

U 4"""
S gr :

A sy
Y} WA/

AN

N
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