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Let (M,V,(, )) be a manifold endowed with a flat torsionless
connection V and a Riemannian metric (, ).

We call such triple (M, V, (, )) an affine-Riemann manifold.
Then:

@ We build on TM a Riemannian metric g1, a complex structure
J1 and an affine connection V1,

@ The affine-Riemann structure (TM, V!, g1) gives rise to a
Hermitian structure (TTM, J», g») and a flat torsionless
connection V2 on TTM. By induction, we get a sequence of
Hermitian structures (TXM, Ji, gx) where
TKM = T(T*"IM) and TIM = TM,
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Purpose

Let (M,V,(, )) be a manifold endowed with a flat torsionless
connection V and a Riemannian metric (, ).

We call such triple (M, V, (, )) an affine-Riemann manifold.
Then:

@ We build on TM a Riemannian metric g1, a complex structure
J1 and an affine connection V1,

@ The affine-Riemann structure (TM, V!, g1) gives rise to a
Hermitian structure (TTM, J», g») and a flat torsionless
connection V2 on TTM. By induction, we get a sequence of
Hermitian structures (TXM, Ji, gx) where
TAM = T(T<"*M) and T'M = TM,

© We study the Hermitian geometry of (TXM, Jy, gx) for k > 1.
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Hermitian geometry: some generalization of Kahler geometry

Let (N, J, g) be a complex manifold of real dimension 2n, n > 2,
equipped with a Hermitian metric g, i.e, J: TM — TM satisfies

J? = ~Id7m,
Ny(X, Y) = [JX, JY] — J[X, JY] — J[IX, Y] — [X, Y] =0,
g(IX,JY) = g(X,Y).
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Hermitian geometry: some generalization of Kahler geometry

Let (N, J, g) be a complex manifold of real dimension 2n, n > 2,
equipped with a Hermitian metric g, i.e, J: TM — TM satisfies

J? = ~Id7m,
Ny(X, Y) = [JX, JY] — J[X, JY] — J[IX, Y] — [X, Y] =0,
g(IX,JY) = g(X,Y).

For any n € QP(N),

In(X1,..., Xp) = (=1)Pn(JX1,...,dX,) and dn=—(-1)PJ 1dJn,

Mohamed Boucetta Hermitian geometry of Tkm



Hermitian geometry: some generalization of Kahler geometry

The fundamental form is given by
w(X,Y)=g(JX,Y)
and the Lee form is given by
0 =Jd*w=—d*wo J,
where for any Xi,...,Xp—1 € [(TN),

d*n(Xi,. .., Xp_1) ZVE n(Ei, X1, .-, Xp_1),
i=1

VLC is the Levi-Civita connection of g and (Ex,..., Ezp) is a local
g-orthonormal frame.
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Hermitian geometry: some generalization of Kahler geometry

(N, J, g) is called Kahlerian if and only if

vie(n =o.
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Hermitian geometry: some generalization of Kahler geometry

(N, J, g) is called Kahlerian if and only if
vie(n =o.

This is equivalent to
dw = 0.

In literature, many generalizations of the Kahler condition have
been introduced and studied.
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Hermitian geometry: some generalization of Kahler geometry

Indeed, (N, J, g) is called:

© strongly Kahler with torsion or pluriclosed if ddw =0, i.e.,
dJdJw = 0,
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Hermitian geometry: some generalization of Kahler geometry

Indeed, (N, J, g) is called:

© strongly Kahler with torsion or pluriclosed if ddw =0, i.e.,
dJdJw = 0,

@ balanced if 0 = 0,
© locally conformally balanced if 8 is closed,
@ Gauduchon if d*6 = 0,
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Hermitian geometry: some generalization of Kahler geometry

Indeed, (N, J, g) is called:

© strongly Kahler with torsion or pluriclosed if ddw =0, i.e.,
dJdJw = 0,

@ balanced if 0 = 0,
© locally conformally balanced if 8 is closed,
@ Gauduchon if d*6 = 0,

@ locally conformally Kahler if dw = -6 Aw and if, in
addition, V€6 = 0 then it is called Vaisman.
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Hermitian geometry: some generalization of Kahler geometry

The Levi-Civita connection of (N, g) is the only torsion free metric
connection. In general, it does not preserve the complex structure
J, this condition forcing the metric to be Kahler.
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Hermitian geometry: some generalization of Kahler geometry

The Levi-Civita connection of (N, g) is the only torsion free metric
connection. In general, it does not preserve the complex structure
J, this condition forcing the metric to be Kahler.

Gauduchon proved that there exists and affine line of canonical
Hermitian connections (they preserve both J and g) passing
through the Bismut connection and the Chern connection.
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Hermitian geometry: some generalization of Kahler geometry

The Bismut connection V& (also known as Strominger connection)
is the unique Hermitian connection with totally skew-symmetric
torsion and the Chern connection V¢ is the unique Hermitian
connection whose torsion has trivial (1,1)-component. For any
X,Y,ZeT(TN),

{g(v)‘%v, Z) = g(VEEY, Z) + Sdw(UX, JY, JZ), "

g(VY,Z)=g(ViY,Z) - tdw(UX, Y, Z).
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Hermitian geometry: some generalization of Kahler geometry

Let R7(X,Y) = Vix,y] — Vx V¥ + V§ Vi be the curvature tensor
of V7. The Ricci form of V™ is given, for any X, Y € I['(TN), by

p"(X,Y) Zg (R™(X, Y)E;, JE), (2)
i=1
where (Ei, ..., Ep,) is a local g-orthonormal frame.
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Hermitian geometry: some generalization of Kahler geometry

Let R7(X,Y) = Vix,y] — Vx V¥ + V§ Vi be the curvature tensor
of V7. The Ricci form of V™ is given, for any X, Y € I['(TN), by

p"(X,Y) Zg (R™(X, Y)E;, JE), (2)
i=1
where (Ei, ..., Ep,) is a local g-orthonormal frame.

It is known that p¢ = pB — dJO. Hermitian structures satisfying
Hol°(VB) ¢ SU(n), or equivalently p® = 0, are known in literature
as Calabi-Yau with torsion and appear in heterotic string theory,
related to the Hull-Strominger system in six dimensions.
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The canonical sequence of Hermitian structures associated to an

Let (M,V,(, )) be an affine-Riemann manifold of dimension n.
Let m; : TM — M be the canonical projection and
Q: TTM — TM the connection map of V locally given by

n

beaxﬂfzzf% :Z Z’+Zzb'ﬂlu o
= =1

=1 i=1 j=1
where (x1,...,Xp) is a system of local coordinates,
(x1, .. x,,,,ul, ..., ltn) the associated system of coordinates on
/
™ and Vo, Ox = 311 [0
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The canonical sequence of Hermitian structures associated to an

Then
TTM = ker Ty @ ker Q.

For X € [(TM), we denote by X" its horizontal lift and by X" its
vertical lift. The flow of XV is given by

OX(t, (x, u)) = (x, u+ tX(x)) and X"(x, u) = ¥ (X(x)), where
A) - T, M — ker Q(x, u) is the inverse of the restriction of dmy
to ker Q(x, u). Since the curvature of V vanishes, for any

X,Y € [(TM),

X" YR =[x, Y] [X", Y] = (VxY)" and [XY, Y']=0.
(3)
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The canonical sequence of Hermitian structures associated to an

The connection V! on TM given by

Vi YN = (VxY)', Vi YV = (VxY)"

Vi Y=V Y =0,
for any X, Y € [(TM), is flat torsionless and defines an affine
structure on TM. The tensor field J; : TTM — TTM given by

I XM= XY and /XY = —Xh satisfies J12 = —Idrrm, V() =0
and hence defines a complex structure on TM.
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The canonical sequence of Hermitian structures associated to an

On the other hand, we define on TM a Riemannian metric gy by

gl(Xh7 Yh) — <X7 Y> o7y, gl(XV7 Yv) - <X7 Y> o1
ga(Xhyny=0, X,Yelr(TMm).
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The canonical sequence of Hermitian structures associated to an

On the other hand, we define on TM a Riemannian metric gy by

gl(Xh7 Yh) — <X7 Y> o7y, gl(XV7 Yv) - <X7 Y> o1
ga(Xhyny=0, X,Yelr(TMm).

This metric is Hermitian with respect to J; and its fundamental
form w = gi(J;.,.) satisfies

w(X" Y =w(X,Y")=0
wX" YY) = —w(Y ., X" =(X,Y)om, X,Y el(TM).
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The canonical sequence of Hermitian structures associated to an

Actually, we have a sequence of Hermitian structures. The
affine-Riemann manifold (TM, V1, g1) gives rise to a Hermitian
structure (TTM, J», g2) and a flat torsionless connection V2 on
TTM. By induction, we get a sequence of Hermitian structures
(TEM, Ji, gk) where TEM = T(T*"IM) and T'M = TM.
Moreover, each TKM carries a flat torsionless connection V¥ such
that V4(Jyx) = 0.
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The canonical sequence of Hermitian structures associated to an

Important remark

Remark
Let (G,V,(, )) be a Lie group endowed with a left invariant

affine-Riemann structure. Then for each k > 1 there exists a Lie
group structure on TXG such that Ji and g are left invariant.
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Basic tools for the study of the canonical sequence of Hermitian s

Trough-out this section and the next one, (M, V, (, )) is an
affine-Riemann manifold of dimension n, D the Levi-Civita
connection of (, ) and K its curvature given by

K(X,Y) = Dix,y; — (DxDy — Dy Dx).
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Basic tools for the study of the canonical sequence of Hermitian s

Trough-out this section and the next one, (M, V, (, )) is an
affine-Riemann manifold of dimension n, D the Levi-Civita
connection of (, ) and K its curvature given by

K(X,Y) = Dix,y; — (DxDy — Dy Dx).

Let (TXM, Ji, gk, V¥), k > 1, be the canonical sequence of
Hermitian structures associated to (M, V, (, )) endowed with the
sequence of flat torsionless connections. For any k > 1, we denote
by 7, : TKM — TK=IM the canonical projection.
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Basic tools for the study of the canonical sequence of Hermitian s

We consider y the difference tensor and v* its adjoint given, for
any X,Y,Z € (TM), by

xY =DxY —=VxY and (xY,Z)=(Y,xZ). (4)
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Basic tools for the study of the canonical sequence of Hermitian s

We consider y the difference tensor and v* its adjoint given, for
any X,Y,Z € (TM), by

xY =DxY —=VxY and (xY,Z)=(Y,xZ). (4)

Their traces with respect to the metric are the vector fields given

by
n
tre (v Z’YEE and tr( y(v") = Z'y}iEi, (5)
i=1 i=1
where (Eq,..., Ep) is a local (, )-orthonormal frame.
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Basic tools for the study of the canonical sequence of Hermitian s

The 1-form « given, for any X € ['(TM), by

a(X) = (tr,)(v%), X) (6)

is closed and it is known as the first Koszul form in the theory of
Hessian manifolds.
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Basic tools for the study of the canonical sequence of Hermitian s

The 1-form « given, for any X € ['(TM), by

a(X) = (tr,)(v%), X) (6)

is closed and it is known as the first Koszul form in the theory of
Hessian manifolds.
We introduce also the 1-form & given, for any X € ['(TM), by

§(X) = (tr( (7). X)- (7)

We call £ the adjoint Koszul form. These two 1-forms play an
important role in this work.
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Basic tools for the study of the canonical sequence of Hermitian s

Proposition
The differential of the fundamental form w associated to
(TM, J1,g1) is given by

d(JJ(Xh, Yh,Zh) _ dw(X", YV, Zv) _ dw(Xh, YV,ZV) =0,
dw(X", Y", Z*) = (7% Y =4y X, Z) o m,

for any X,Y,Z € T(TM). Hence

(Jdw)(X", YN Zh) = (Ldw) (XY, YY,Z¥) = (hdw)(X", Y 2¥) =0,
(dw)(XY, YV, ZM) = —(3% Y =44 X, Z) o 7.
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Basic tools for the study of the canonical sequence of Hermitian s

Corollary

(TM, J1, g1) is Kahler if and only if (M,V,(, )) is Hessian
manifold, i.e,

vX(< > >)(Y’Z) = vY(< > >)(sz)

This is also equivalent to v = ~*.
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Basic tools for the study of the canonical sequence of Hermitian s

Corollary

(TM, J1, g1) is Kahler if and only if (M,V,(, )) is Hessian
manifold, i.e,

vX(< > >)(Y’Z) = vY(< > >)(sz)

This is also equivalent to v = ~*.
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Basic tools for the study of the canonical sequence of Hermitian s

The Levi-Civita connection V¢ of (TM, Ji, g1)

Proposition
For any X, Y € I(TM),
1
ViEY" = (DxY)', VEEYY = =S (kY + 9y X)",
VASY? = (53 X) and VISYY = (DxY)' - (1Y),
where
. 1

* 1 *
¥ 25(7—7) and 7525(7+7)-
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Basic tools for the study of the canonical sequence of Hermitian s

The Lee form 6; of (TM, J1, g1)

Proposition
The Lee form 01 of (TM, J1,g1) is given by

01 = mi(o = §), (8)

where o and £ are the Koszul forms of (M, V,(, )). In particular,
(TM, J1, g1) is balanced if and only if « = £ which is also
equivalent to

tr( y(y* =) =0. (9)
Moreover, (TM, J1, g1) is locally conformally balanced if and only
if d¢ = 0.
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Basic tools for the study of the canonical sequence of Hermitian s

When (TM, Ji, g1) is Gauduchon ?

Proposition
We have

d*th = d*(a — &) om — (tr¢ y(v*) —try y(7),tr( (7)) o m1

and hence (TM, J1, g1) is Gauduchon if and only if

d*(a =€) = [tr, ) (7)? = (tr( ) (v*) tr( y(1). (10)
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Basic tools for the study of the canonical sequence of Hermitian s

When (TM, Ji, g1) is Vaisman ?

Proposition

Q (TM, 1, g1) is locally conformally Kahler if and only if, for
any X, Y € [(TM),
(n=1)(vxY =19 X) =0(X)Y = bo(Y)X,  (11)

where g = o — &.
@ (TM, J1,g1) is Vaisman if and only if (11) holds and the

vector field N := tr( y(v* — ) is parallel with respect to both
D and V.
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Basic tools for the study of the canonical sequence of Hermitian s

Let us compute the difference tensor I = VL€ — V1 of
(TM, V1, g1) as well as its adjoint [*, the Koszul forms ay, & as
well as the Lee form 6 of (TKM, Jy, gk).

Proposition

trgy (1) = (br¢,y(7) = tr )y (YD) trgy () = 2(tr( y(v*))",
&k = =0, a = 2k7r7; o...om(a),
O =mfo...omi((RK—1)a—¢), k>1.
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Affine-Riemann manifolds with pluriclosed (TM, J1, g1)

Let us compute ddw = —dJ; 'dhw = dhdw.

Proposition
Forany X,Y,Z,U € T(TM),

ddw(XP, Y, Zh UPY = dhdw(XY, Y, ZY, UY)
— dhidw (X, Yh, ZP UY) = dhdw(Xh, YY, ZY, UY) = 0,
dhdw(X, YN 7V, UY) = 2(K(X,Y)Z — (Y oy —v¥ ovx)Z, U) o my.

In particular, (TM, J1, g1) is pluriclosed if and only if for any
X,Y €T (TM), the curvature K of D satisfies

K(X,Y)=9x o7y — 7y ©¥x- (12)
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Affine-Riemann manifolds with pluriclosed (TM, J1, g1)

In [?, Theorem 8.8 pp. 162], Shima proved that if (M,V,(, )) is
a compact Hessian manifold such that its first Koszul form
vanishes then V is the Levi-Civita connection of (, ). Note that in
this case the first Koszul form and the dual Koszul form coincide.
The following theorem is a generalization of this result under an
additional assumption, namely, V is complete. It will be interesting
to see if we can drop this assumption.
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Affine-Riemann manifolds with pluriclosed (TM, J1, g1)

In [?, Theorem 8.8 pp. 162], Shima proved that if (M,V,(, )) is
a compact Hessian manifold such that its first Koszul form
vanishes then V is the Levi-Civita connection of (, ). Note that in
this case the first Koszul form and the dual Koszul form coincide.
The following theorem is a generalization of this result under an
additional assumption, namely, V is complete. It will be interesting
to see if we can drop this assumption.

Theorem

Let (M,V,(, )) be an affine-Riemann manifold such that

(TM, J1, g1) is pluriclosed and the dual Koszul form of
(M,V,(, )) vanishes. Then the Ricci curvature of (, ) is
nonnegative. Moreover, if M is compact and V is complete then
v =0, i.e., V is the Levi-Civita connection of ( , ).
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Affine-Riemann manifolds with pluriclosed (TM, J1, g1)

Proof.
Note that the vanishing of dual Koszul form is equivalent to
tr.,y(7) = 0. From the relation

K(X,Y)=v%ovy =7y ovx

and the fact that tr( (7) = 0, we deduce that the Ricci curvature
of (, ) is given by

rie(X, X) = tr(z% 0 7x) = 0

and ric(X, X) = 0 if and only if vx = 0. O
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Affine-Riemann manifolds with pluriclosed (TM, J1, g1)

Proof.

By using the splitting theorem of J. Cheeger and D. Gromoll (see
for instance [?, Corollary 6.67 pp. 168]), we deduce that if M is
compact its universal Riemannian covering is isometric to a
Riemannian product (M x R9, (, )1 x (, )o) where is M is
compact and (, )o is the canonical metric of RY. But if V is
complete the universal covering of M is diffeomorphic to R"” which

completes the proof. O
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The Bismut anc Chern connections of (TM, J;, g1) and their Ric(

Proposition
We have, for any X, Y € I[(TM),

Ve YI=(DxY)", V& YY = (3 X)",
vxvvh (% X)", V&, YY" = (DxY)".

VY= (DxY)' — (g YV)", V% YY = —(% V)",
Ve Yh = (5 Y)Y, VYV = (Dx Y)Y — (V)"

where

%( 1('Wr’y*)-

v=7") and 7=

7:
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The Bismut anc Chern connections of (TM, J;, g1) and their Ric(

Now, we give the Ricci forms pf and p€.

Proposition
For any X, Y € [(TM), the Ricci forms are given by

(Xh Y™ =pB(XY,Y") =0,

pB(X", YY) = —(yx Y, tr( yy) o m — (Dxtr y(7), Y) oy,
C(Xh Y =pS(X¥, YY) =0,

pC (XM, YY) = —(x Y, tr( (7)) o m — (Dxtr y(7*), Y) o m

In particular, if tr( y(v) =0 (resp. tr( y(7*) =0 ) then
(TM, J1, g1) is Calabi-Yau with torsion, i.e., pB =0 (resp.

€=0)
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The canonical sequence of Hermitian structures of an affine-Rien

Theorem
Let (M,V,(, )) be an affine-Riemann manifold. Then:

@ If =0 then, for any k > 1, V¥ is the Levi-Civita connection
of g and (TXM, Jy, g) is Kihler flat.

@ For some k > 2, (TXM, Jy, g«) is Kahler if and only if v = 0.

© For some k > 1, (TKM, Jy, g«) is locally conformally balanced
if and only if (TM, J1, g1) is locally conformally balanced and
this is equivalent to d¢ = 0.
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The canonical sequence of Hermitian structures of an affine-Rien

Theorem (Continued)

4. For kg > 1, (T®M, Jy,, gk, ) is balanced if and only if

tre,y(7) = (2 = )tr( ) (v*)- (13)

In this case, (T*TIM, Ji, 11,8k, +1) is Calabi-Yau with torsion
and for any k # ko, (TXM, Jy, g) is locally conformally
balanced.

5. Iftr( y(7v) = tr( y(v*) = O then, for any k > 1,
(T*M, Jx, gk) is balanced, Calabi-Yau with torsion and its
Chern Ricci form vanishes.
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The canonical sequence of Hermitian structures of an affine-Rien

Example
We consider the left symmetric product on R? given by

€10€] — a€1, €106 — AEr+€3,€1063 — €1+AaE3, €20€] — A€y, €30€] — AE€3.
The associated non vanishing Lie brackets are given by
[617 62] = €3, [ela e3] = €.

We denote by G the connected simply-connected Lie group
associated to (R3,[, ]) and by V the left invariant flat torsionless
connection on G defined by e.
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The canonical sequence of Hermitian structures of an affine-Rien

Example

For a = 1, the left invariant metric on G associated to the scalar
110

product | 1 3 1 | on R3 satisfies (13) for ko = 2 with
011

tr( y(v) #0 and tr( y(v*) #0. Thus (T?G, ), g2) is balanced,
(T3G, J3, g3) is Calabi-Yau with torsion and, for any k # 2,
(T*G, Ji, gk) is locally conformally balanced not balanced.
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The canonical sequence of Hermitian structures of an affine-Rien

Let us compute the Koszul forms of an affine-Riemann manifold in
local affine coordinates.

Proposition

Let (M,V,(, )) be an affine-Riemann manifold. For any system of
affine coordinates (xi, ..., Xp),

1 _ . kh Oljn
a = >dIn(detG) and g_; ;u I dx; —a, (14)
J: b

where pipi = (Ox,, Ox,) and the matrix (,uhk)lgh,kgn = G where
G = (th)lgh,kgn-
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The canonical sequence of Hermitian structures of an affine-Rien

Example
Let f : R2 —» R be a smooth function. Consider the

affine-Riemann manifold (R?,V°, (| )) where V° is the canonical
connection of R?> and

_ ( cosh(f(x,y)) sinh(f(x,y))
)= ( sinh(f(x,y)) cosh(f(x,y)) >

Then det(, ) =1 and, by virtue of Proposition 6.1, o = 0.
According to Proposition ??, the Chern Ricci form of (TR?, J1, g1)
vanishes.
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The canonical sequence of Hermitian structures of an affine-Rien

The following theorem gives a large class of balanced metrics
non-Kahler on C? endowed with its canonical complex structure.

Theorem

We consider M = R? endowed its canonical affine structure and

(,)= HitB12 ) 5 Riemannian metric. Then (TM, J1,81) is
Hi12 (22

balanced if and only if there exists smooth functions v : R? — R,
f,h:R — R such that

pi2 = v, pii(xi, x2) = f(x1) +/ (x1,x2)dx2 and
ov
p22(x1, x2) = h(x2) + / af(XLXz)Xm-
X2
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Example
For any smooth functions f, h: R — R, the metric

_ ex+y + ef(x) ex+y
< ) > - ex+y eX+y _.l_ eh(y)

satisfies the condition of the last corollary and hence defines a
balanced Hermitian metric on C?.
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The following theorem gives a large class of balanced metrics
non-Kahler and also Calabi-Yau metrics on C™ endowed with its
canonical complex structure.

Theorem

We consider M = R" endowed its canonical affine structure and
(, )= Diag(p1,...,un) @ Riemannian metric. For kg > 1,
(THM, Jy,, gk,) is balanced if and only if there exists (f1,...,f,) a
family of positive functions such that, for j =1,...,n,

of; f...f
67)(1- 0 and ,LLJ = 7’((”21(0_171).
J
In this case, (T M, Jy, 11, 8ky+1) is Calabi-Yau with torsion and,

for any k # ko, (T*M, Jk, gk) is locally conformally balanced.

Mohamed Boucetta Hermitian geometry of Tkm



The canonical sequence of Hermitian structures of an affine-Rien

Now, we give the conditions in local coordinates so that
(TM, J1, g1) is pluriclosed.

Theorem

Let (M,V,(, )) be an affine-Riemann manifold. Then

(TM, J17 gl) is pluriclosed if and only if, for any affine coordinates
(X1 .-y Xn),

ik n O ujn _ 02 pujkc " O pin (15)
OxjOxn  OxiOxx  OxiOxp  OxjOxk’

foranyl1 <i<j<nandl< k< h< nand where
pij = (Ox;, Ox;). When dim M = 2, (15) reduces to

9?11 i 912 _5 9?1z
8X2 8X12 8X16X2 ’
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Corollary

We consider M = R" endowed with its canonical affine structure
and (, ) = Diag(p, ..., 1n). Then (TM, 1, g1) is pluriclosed if
and only if, for any i # j, h# j and h # i,

Pui | P 0 pi
o2 e 0 " gox (16)

In particular, if we take y; = e1(%) then (TM, J1, g1) is pluriclosed.
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