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Definition

A link L with n components is a submanifold of R® or S which
is homeomorphic to the disjoint union of ncircles S' LI ... U S'.
If n =1, we call L a knot and denote it by K.
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Definition

A link L with n components is a submanifold of R® or S which
is homeomorphic to the disjoint union of ncircles S' LI ... U S'.
If n =1, we call L a knot and denote it by K.

Notation: We denote by L = Ky U ... U K, a link with n
components.

S'u..uS'" <R3 or S°
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Examples -:
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Examples -:

O OO0

Noeud trivial Entrelacs trivial a n composantes
tréfle. Noeud huit.

Entrelacs de Hopf.

Figure : Exemples d’entrelacs.
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Isotopy equivalence
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Isotopy equivalence

For convenience, we restrict ourselves to smooth knots.
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Isotopy equivalence

For convenience, we restrict ourselves to smooth knots.

Definition

Two knots Ky and K> are ambient isotopic if there exists a
family of diffeomorphisms h; : R® — RS, t € [0, 1] such that
ho = idgs and hy(K7) = Ko. If they are so, we say that Ky and
K> are equivalent.
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Isotopy equivalence

For convenience, we restrict ourselves to smooth knots.

Definition

Two knots Ky and K> are ambient isotopic if there exists a
family of diffeomorphisms h; : R® — RS, t € [0, 1] such that
ho = idgs and hy(K7) = Ko. If they are so, we say that Ky and
K> are equivalent.

Proposition

Two knots Ky and Ko are equivalent if and only if there exists a
preserving orientation diffeomorphism h : R® — R® such that
h(K1) = h(K).
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Figure : Noeuds isotopes.
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Definition

Let K be a knot. Let P be a plane in the space. Let p be a
perpendicular projection on P. We say that p(K) is a regular
projection of K on P if it satisfies
@ the tangent lines to the knot at all points are projected onto
lines on the plane. (i.e. the projections of the tangents
never degenerate into points);
© No more than two distinct points of the knot are projected
on one and the same point of the plane;
© The set of crossing points (those on which two points
project) is finite and at each crossing point the projections
of the two tangents do not coincide.
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Definition

Let K be a knot. Let P be a plane in the space. Let p be a
perpendicular projection on P. We say that p(K) is a regular
projection of K on P if it satisfies
@ the tangent lines to the knot at all points are projected onto
lines on the plane. (i.e. the projections of the tangents
never degenerate into points);
© No more than two distinct points of the knot are projected
on one and the same point of the plane;
© The set of crossing points (those on which two points
project) is finite and at each crossing point the projections
of the two tangents do not coincide.

Definition

H. Abchir Some Algebraic Structures and Links



Links, Diagrams and the Reidemeister Theorem

Links
Diagrams
Reidemeister theorem

Figure : Forbidden projections.
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Definition

Two diagrams D; and D, of a knot K are said equivalent if we
can obtain D; from D, by a finite sequence of

@ ambient plane isotopies and
Q@ Qi-moves, Q,-moves and Q3-moves.
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Figure : Reidemeister moves.
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Two knot diagrams correspond to isotopic knots if and only if
one can be obtained from the other by a finite sequence of
Reidemeister moves and plane isotopies.
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Two knot diagrams correspond to isotopic knots if and only if
one can be obtained from the other by a finite sequence of
Reidemeister moves and plane isotopies.

There is a one-to-one correspondence between the
equivalence classes of knots and the equivalence classes of
diagrams.
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Some families of links:

@ Alternating knots.

WA

Figure : Alternating links.

@ Torus knot T, 4) where p and g are coprime integers.

‘}\s)
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Some Invariants

The crossing and the unknotting numbers

@ The crossing number c(L).
e In fact for each positive integer ¢ < 3 there exists an
(irreductible) knot such that ¢(K) = c.
° ¢(T(p,q)) = (p—1)a.
@ The unknotting number u(L).
o u(T(p.q) = 5(p—1)(q 1)
© The 3-coloring number.
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© Algebraic structures
@ Kei
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Algebraic structures

Motivation
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The Fundamental Kei of a Knot
Homomorphisms and Colorings
The Counting Invariant

Algebraic structures

Motivation

How can we generalize the tricoloring idea from the above
example to get stronger invariants with more colors?
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The Fundamental Kei of a Knot
Homomorphisms and Colorings
The Counting Invariant

Algebraic structures

Motivation

How can we generalize the tricoloring idea from the above
example to get stronger invariants with more colors?

It turns out that hidden in the simplicity of the tricoloring rules is
a new kind of algebra, a powerful algebraic structure which
ultimately gives us a complete invariant of knots. Start at the
beginning.
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The Fundamental Kei of a Knot
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Algebraic structures

Definition
Let X be a set. An operation

>: XxX—X
(x,y) — XDY

is a Kei operation if it satisfies the following three axioms:
() Vx € X, x> x = x (idempotency).
(i) Vx, y € X, (x> y)>y) = x (involution).
(i) vx, y, ze X, (xpy)pz=(x>2)>(y>2)
(self-distributivity).
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Algebraic structures

Examples -:

@ Takasaki Kei: let X = Z,and x>y =2y — x (mod n) ?22.
It is also sometimes called cyclic kei or dihedral quandle.
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Algebraic structures

Examples -:

© Takasaki Kei: let X =Z,and x>y =2y — x (mod n) ??.
It is also sometimes called cyclic kei or dihedral quandle.
For example, if n = 4, we get the operation table
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The Counting Invariant

Examples -:

© Takasaki Kei: let X =Z,and x>y =2y — x (mod n) ??.
It is also sometimes called cyclic kei or dihedral quandle.
For example, if n = 4, we get the operation table

>[0 1 2 3
0|0 2 0 2
113 1 3 1
212 0 2 0
3/1 3 1 3
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@ Let X = S2in RS.
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@ Let X = S?inRS.
X,y € S2, connect x to y by the a geodesic of least
distance which is unique unless the two points are

antipodes x and —x.
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@ Let X = S?inRS.
X,y € S2, connect x to y by the a geodesic of least
distance which is unique unless the two points are
antipodes x and —x.
Define x > y as the result of finding the geodesic
connecting x to y and then going from x to y and then past
y along the geodesic by the same distance. In terms of
unit vectors we have

Xpy=2(x-y)y—x.

H. Abchir Some Algebraic Structures and Links



Kei
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Homomorphisms and Colorings
The Counting Invariant

Remark -: We can represent a kei operation on a set

X ={x1,...,xn} with n elements with an n x n matrix Mx which
encodes the operation table by dropping the “x”s like in the
following example where n = 3:
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Kei

The Fundamental Kei of a Knot
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Algebraic structures

Remark -: We can represent a kei operation on a set

X ={x1,...,xn} with n elements with an n x n matrix Mx which
encodes the operation table by dropping the “x”s like in the
following example where n = 3:

> ‘ X1 Xo X3
X1 | X1 X3 Xo
Xo | X3 Xo Xj
X3 | Xo X1 X3

—

N w =
=N w
w =N
I
X
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© Algebraic structures

@ The Fundamental Kei of a Knot
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Algebraic structures

Let X = {x1,..., xn} be a set. The elements of X will be called
generators.
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Let X = {x1,..., xn} be a set. The elements of X will be called

generators.
The set Wi of kei words in X is defined recursively by the rules

that
(i) x € X implies x € Wy and
(i) x,y € W implies x>y € Wk.
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. The Fundamental Kei of a Knot
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Let X = {x1,..., xn} be a set. The elements of X will be called

generators.
The set Wi of kei words in X is defined recursively by the rules

that

(i) x € X implies x € Wy and

(i) x,y € W implies x>y € Wk.
The free kei on X is then the set of equivalence classes of kei
words in X modulo the equivalence relation generated by
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Algebraic structures

Let X = {x1,..., xn} be a set. The elements of X will be called

generators.
The set Wi of kei words in X is defined recursively by the rules

that

(i) x € X implies x € Wy and

(i) x,y € W implies x>y € Wk.
The free kei on X is then the set of equivalence classes of kei
words in X modulo the equivalence relation generated by

xeX =X, (xey)py=x, (xoy)pz=(xp2)>(yrz), ¥VXx,y € Wk.
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The Fundamental Kei of a Knot
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Algebraic structures

Now, let X be a set with one element for each arc in a diagram
of a knot, link or a tangle K. Consider the crossing relations
(??)
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. The Fundamental Kei of a Knot
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Homomorphisms and Colorings
The Counting Invariant

Now, let X be a set with one element for each arc in a diagram
of a knot, link or a tangle K. Consider the crossing relations
(??):

The the fundamental kei of K is then the set of equivalence
classes of elements of the free kei on X modulo the
equivalence relation generated by the crossing relations.
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The Fundamental Kei of a Knot
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Algebraic structures

Now, let X be a set with one element for each arc in a diagram
of a knot, link or a tangle K. Consider the crossing relations
(??):

The the fundamental kei of K is then the set of equivalence
classes of elements of the free kei on X modulo the
equivalence relation generated by the crossing relations.

This is usually expressed with a kei presentation listing the
elements of X, known as generators and the crossing relations.
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The Fundamental Kei of a Knot
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Algebraic structures

Now, let X be a set with one element for each arc in a diagram
of a knot, link or a tangle K. Consider the crossing relations
(??):

The the fundamental kei of K is then the set of equivalence
classes of elements of the free kei on X modulo the
equivalence relation generated by the crossing relations.

This is usually expressed with a kei presentation listing the
elements of X, known as generators and the crossing relations.
Example -: the trefoil knot has fundamental kei presentation ??:

K(K):<X7yvz’X[>y:Z7y[>ZZX, Zl>X:y
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Tietze moves:

@ Add or delete a generator s and a relation of the form
x = W, where W is a word not involving x,

H. Abchir Some Algebraic Structures and Links



Kei
. The Fundamental Kei of a Knot
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Homomorphisms and Colorings
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Tietze moves:

@ Add or delete a generator s and a relation of the form
x = W, where W is a word not involving x,

@ Add or delete a relation which is a consequence of the
other relations and the kei axioms.
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Kei
. The Fundamental Kei of a Knot
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The Counting Invariant

Tietze moves:

@ Add or delete a generator s and a relation of the form
x = W, where W is a word not involving x,

@ Add or delete a relation which is a consequence of the
other relations and the kei axioms.

Remarks -:
@ ecach Reidemeister move determines a Tietze move (or a
set of Tietze moves) on the fundamental kei. So KC(K) is

an invariant of K.
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Kei

The Fundamental Kei of a Knot
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Algebraic structures

Tietze moves:

@ Add or delete a generator s and a relation of the form
x = W, where W is a word not involving x,

@ Add or delete a relation which is a consequence of the
other relations and the kei axioms.

Remarks -:
@ ecach Reidemeister move determines a Tietze move (or a
set of Tietze moves) on the fundamental kei. So KC(K) is
an invariant of K.
Unfortunately, the converse is not true in general; most
Tietze moves cannot be interpreted as Reidemeister
moves on diagrams.
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Kei

The Fundamental Kei of a Knot
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Algebraic structures

Tietze moves:

@ Add or delete a generator s and a relation of the form
x = W, where W is a word not involving x,

@ Add or delete a relation which is a consequence of the
other relations and the kei axioms.

Remarks -:
@ ecach Reidemeister move determines a Tietze move (or a

set of Tietze moves) on the fundamental kei. So KC(K) is
an invariant of K.
Unfortunately, the converse is not true in general; most
Tietze moves cannot be interpreted as Reidemeister
moves on diagrams.

@ Indeed, we can represent the fundamental kei of a knot
with a presentation matrix.

H. Abchir Some Algebraic Structures and Links



Algebraic structures

© Algebraic structures

Kei
The Fundamental Kei of a Knot
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@ Homomorphisms and Colorings
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The Fundamental Kei of a Knot
Homomorphisms and Colorings
The Counting Invariant

Algebraic structures

Homomorphisms

Let X and Y be keis. A kei homomorphism is a functio
f: X — Y satisfying

fix>y) =) f(y)

forall x,y € X.
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Algebraic structures

Homomorphisms

Let X and Y be keis. A kei homomorphism is a functio
f: X — Y satisfying

fix>y) =) f(y)

forall x,y € X.

Example-: X =Z, x>y =2y —x. Letl € Z

f: X — X
X — Ix
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Definition
Let (X,>) be a kei. A subset S C X is a subkei if (S,>) is itself
a kei.
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The Fundamental Kei of a Knot
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The Counting Invariant

Algebraic structures

Definition

Let (X,>) be a kei. A subset S C X is a subkei if (S,>) is itself
a kei.

Example -: If f: X — Y is a kei homomorphism, then Im f is a
subkei of Y.
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Colorings
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Algebraic structures

Colorings

Let K be a knot or link.
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Algebraic structures

Colorings

Let K be a knot or link.
Let (X,>) be a kei.
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Kei

The Fundamental Kei of a Knot
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The Counting Invariant

Algebraic structures

Colorings

Let K be a knot or link.

Let (X,>) be a kei.

If we choose f(xx) € X for each generator xx of the
fundamental kei (K, and if for each relation x> y = z, we
choose f(x) and f(y) such that f(x) > f(y) = f(z), then we have
a homomorphism f : K(K) — X.
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The Fundamental Kei of a Knot
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Algebraic structures

Colorings

Let K be a knot or link.

Let (X,>) be a kei.

If we choose f(xx) € X for each generator xx of the
fundamental kei (K, and if for each relation x> y = z, we
choose f(x) and f(y) such that f(x) > f(y) = f(z), then we have
a homomorphism f : K(K) — X.

Example -: If D is a diagram of K, The homomorphisms

f: K(D) — Z3z where Zs is the Takasaki kei are what we call
tricolorings of a diagram D.
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The Fundamental Kei of a Knot
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Algebraic structures

Colorings

Let K be a knot or link.

Let (X,>) be a kei.

If we choose f(xx) € X for each generator xx of the
fundamental kei (K, and if for each relation x> y = z, we
choose f(x) and f(y) such that f(x) > f(y) = f(z), then we have
a homomorphism f : K(K) — X.

Example -: If D is a diagram of K, The homomorphisms

f: K(D) — Z3z where Zs is the Takasaki kei are what we call
tricolorings of a diagram D.

Definition

An n-coloring of a knot diagram K is a homomorphism
f: K(K) = Znp.

H. Abchir Some Algebraic Structures and Links




Kei

The Fundamental Kei of a Knot
Homomorphisms and Colorings
The Counting Invariant

Algebraic structures

Colorings

Let K be a knot or link.

Let (X,>) be a kei.

If we choose f(xx) € X for each generator xx of the
fundamental kei (K, and if for each relation x> y = z, we
choose f(x) and f(y) such that f(x) > f(y) = f(z), then we have
a homomorphism f : K(K) — X.

Example -: If D is a diagram of K, The homomorphisms

f: K(D) — Z3z where Zs is the Takasaki kei are what we call
tricolorings of a diagram D.

Definition
An n-coloring of a knot diagram K is a homomorphism
f: K(K) = Znp.
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Algebraic structures

Let (X,>) be kei. Let K be a knot or link.
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Algebraic structures

Let (X,>) be kei. Let K be a knot or link.
The set of all homomorphisms

Hom(IKC(K), X) ={f: K(K) = X | f(x>y) = f(x)>f(y)}

is an invariant of the knot K.
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The Fundamental Kei of a Knot
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The Counting Invariant

Algebraic structures

Let (X,>) be kei. Let K be a knot or link.
The set of all homomorphisms

Hom(K(K),X) ={f: K(K) = X | f(x>y)=f(x)>f(y)}
is an invariant of the knot K.

Remark -: The cardinality of the set Hom(K(K), X) is a
computable invariant known as the kei counting invariant.
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Algebraic structures

Examples -:
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The Fundamental Kei of a Knot
Homomorphisms and Colorings
The Counting Invariant

Algebraic structures

Examples -:

@ Listhe Hopf link and X = Z4. There are two relations R;
and Ro are x>y = x and y > x = y. Then we have

|>‘0 1 2 3
0|0 2 0 2
113 1 3 1
2|12 0 2 0
3|1 3 1 3
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Algebraic structures

f(x) fly) Ri? R?|f(x) fly) Ri? R.?

0 0 + + 2 0 + +

0 1 2 1

0 2 + + 2 2 + +
e O 3 2 3

1 0 3 0

1 1 + + 3 1 + +

1 2 3 2

1 3 + + 3 3 + +
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Kei
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Algebraic structures ; 4
Homomorphisms and Colorings

The Counting Invariant

f(x) fly) Ri? R?|f(x) fly) Ri? R.?

0 0 + + 2 0 + +

0 1 2 1

0 2 + + 2 2 + +
e O 3 2 3

1 0 3 0

1 1 + + 3 1 + +

1 2 3 2

1 3 + + 3 3 + +

Thus, we get |Hom(K(K), Z4

~
I
o
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Kei
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Algebraic structures

f(x) fly) Ri? R?|f(x) fly) Ri? R.?

0 0 + + 2 0 + +

0 1 2 1

0 2 + + 2 2 + +
e O 3 2 3

1 0 3 0

1 1 + + 3 1 + +

1 2 3 2

1 3 + + 3 3 + +

Thus, we get |Hom(K(K),Z4)| = 8.

@ The kei counting number for two unlinked circles is
|[Hom(K(K),Z4)| = 16.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Definition
A quandle is a set X with a binary operation

>: XxX—X
(x,y) — XDy

satisfying:
() Vx € X, x> x = x (idempotency).
(i) Vy € X, the map 3, : X — X defined by 8,(x) = x> yis
invertible.
(i) vx, y, ze X, (xpy)pz=(x>2)>(y>2)
(self-distributivity).
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Definition
A quandle is a set X with a binary operation

>: XxX—X
(x,y) — XDy

satisfying:
() Vx € X, x> x = x (idempotency).
(i) Vy € X, the map 3, : X — X defined by 8,(x) = x> yis
invertible.
(i) vx, y, ze X, (xpy)pz=(x>2)>(y>2)
(self-distributivity).

We write x >~ y for 8, ().
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

ndles Automorphism Groups

Remarks -:
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Remarks -:

@ akeiis a type of quandle, namely quandles for which the
maps j3, are involutions. For this reason, kei are often
called involutory quandles.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Remarks -:

@ akeiis a type of quandle, namely quandles for which the
maps j3, are involutions. For this reason, kei are often
called involutory quandles.

@ We can drop the operation >~ from notations and we can
express the second condition as follows

Vy,z € X, 3lx € X, such that x> y = z.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Remarks -:

@ akeiis a type of quandle, namely quandles for which the
maps j3, are involutions. For this reason, kei are often
called involutory quandles.

@ We can drop the operation >~ from notations and we can
express the second condition as follows

Vy,z € X, 3lx € X, such that x> y = z.

© As with kei, we can understand the quandle axioms in
terms of knot diagrams (fig).
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

ndles Automorphism Groups

Examples -:

H. Abchir Algebraic Structures an



Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Examples -:

@ Trivial quandle X (x> y = x). We denote it by T, if X is
finite with n elements.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Examples -:

@ Trivial quandle X (x> y = x). We denote it by T, if X is
finite with n elements.
@ Let F be afield. The set GL,(F) is a quandle with operation

A>B =B 1AB.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Examples -:

@ Trivial quandle X (x> y = x). We denote it by T, if X is
finite with n elements.
@ Let F be afield. The set GL,(F) is a quandle with operation

A>B =B 1AB.

© In general, a group G is a quandle with the operation of
conjugation, i.e.
x>y =y 'xy.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings

Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Examples -:

@ Trivial quandle X (x> y = x). We denote it by T, if X is
finite with n elements.
@ Let F be afield. The set GL,(F) is a quandle with operation

A>B =B 1AB.

© In general, a group G is a quandle with the operation of
conjugation, i.e.
x>y =y 'xy.
© Alexander Quandle: for any module M and an invertible
linear transformation t : M — M of M, define a quandle
structure on M by

x>y=tx+(1-1)y.



Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

@ Quandies
@ Knot Quandle, Quandle Homomorphism and Quandle
Colorings
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ Fundamental quandle: as for keis, there is a fundamental
quandle sometimes called knot quandle, associated to an
oriented knot or link given by a presentation with
genarators corresponding to arcs and quandle relations at
crossings denoted by 9(K).
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ Fundamental quandle: as for keis, there is a fundamental
quandle sometimes called knot quandle, associated to an
oriented knot or link given by a presentation with
genarators corresponding to arcs and quandle relations at
crossings denoted by 9(K).

@ Quandle homomorphism.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ Fundamental quandle: as for keis, there is a fundamental
quandle sometimes called knot quandle, associated to an
oriented knot or link given by a presentation with
genarators corresponding to arcs and quandle relations at
crossings denoted by Q(K).

@ Quandle homomorphism.

Remark -: the third quandle axiom expresses that the right
translations 3, are quandle homomorphisms.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ Fundamental quandle: as for keis, there is a fundamental
quandle sometimes called knot quandle, associated to an
oriented knot or link given by a presentation with
genarators corresponding to arcs and quandle relations at
crossings denoted by 9(K).

@ Quandle homomorphism.

Remark -: the third quandle axiom expresses that the right
translations 3, are quandle homomorphisms.

© As with kei, given a finite quandle X we have a counting
invariant ®%.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Example of a counting invariant
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Example of a counting invariant

Consider the knot 849 and the quandle X = Z;[t, t~']/(t — 3),
i.e; Z7 with the quandle operation

x>y =23x+5y.
X has the operation table

H. Abchir Some Algebraic Structures and Links
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Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Example of a counting invariant

Consider the knot 849 and the quandle X = Z;[t, t~']/(t — 3),
i.e; Z7 with the quandle operation

x>y =23x+5y.
X has the operation table
0

NDNOWO P —=-01—
O PR~ 201N O WMN
ONOOOWO PR~ —=2W
WO R —=20DMN0O0 I~
= OO WO hA~O
ODWO =01

OO, WN—=O|V
A =200DMNDOO WO
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

0
6
3
0
5
0
0
0

DO 01T OO OO W
O OUIT O OO U1LWwo
OO OO WOo OO
OO O WwWwo O o1 o
OO WoHOoOOoOOoOOo
O WO OOOOWU
WOoOOOOOU1Lo oo
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

(3 6 0 0 0 0 5 07
03605000
05360000
0 003 6 005
0 0503600
50000360
050000 36

L6 000500 3]

The resolution of the system gives the counting invariant

|Hom(Q(819), X)| = 72 = 49.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

@ Quandies

@ Geometric Interpretation of the Knot Quandle
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

ndles Automorphism Groups

Let K be a knot in S8.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let K be a knot in S8.
Let N be a tubular neighborhood of K in S3. We denote

X=8\N
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let K be a knot in S8.
Let N be a tubular neighborhood of K in S3. We denote

X=8\N

Fix a base point in X.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let K be a knot in S8.
Let N be a tubular neighborhood of K in S3. We denote

X=8\N

Fix a base point in X.

If p is the terminal point of a representative of the homotopy
class y, we denote m, = m,.

the quandle operation x > y in the fundamental quandle is then
given by the figure 8
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
ndles Automorphism Groups

Figure : A path in the fundamental quandle of K.
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Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Figure : A path in the fundamental quandle of K.
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Geometric Interpretation of the Knot Quandle
ndles Automorphism Groups

@ Quandies
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

ndles Automorphism Groups

Let X be a quandle.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let X be a quandle.
Let Aut(X) be the group of all automorphisms of X.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let X be a quandle.

Let Aut(X) be the group of all automorphisms of X.

The subgroup of Aut(X) generated by the permutations Sy, is
called the inner automorphism group of X and is denoted by

Inn(X).
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let X be a quandle.

Let Aut(X) be the group of all automorphisms of X.

The subgroup of Aut(X) generated by the permutations Sy, is
called the inner automorphism group of X and is denoted by
Inn(X).

Quandle axiom (iii) implies that the map 5 : X — Inn(X)
sending u to 5, satisfies the equation

Bzﬁy = ﬁybzﬁz

for all y,z € X, which can be rewritten as

ﬂzﬂy5;1 = /Bybz-
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Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

Let X be a quandle.

Let Aut(X) be the group of all automorphisms of X.

The subgroup of Aut(X) generated by the permutations Sy, is
called the inner automorphism group of X and is denoted by
Inn(X).

Quandle axiom (iii) implies that the map 5 : X — Inn(X)
sending u to 5, satisfies the equation

Bzﬁy = ﬁybzﬁz

for all y,z € X, which can be rewritten as

ﬂzﬂy5;1 = /Bybz-

Thus if the group Inn(X) is considered as a quandle with
conjugation then the map 5 becomes a quandle homorphism.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Automorphism Groups
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Transvection group

Definition
We call the transvection group, the subgroup of Aut(X)
generated by ﬁxﬁ;1 for all x, y € X. We denote it by Transv(X).
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Transvection group

We call the transvection group, the subgroup of Aut(X)
generated by ﬁxﬁ;1 for all x, y € X. We denote it by Transv(X).

Q@ Transv(X) < Inn(X) and Inn(X) < Aut(X).
@ The quotient group Inn(X)/ Transv(X) is a cyclic group.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Definition

Let X be a quandle. The orbit of an element x € X is the the
subset of elements y € X which are images of x by an inner
automorphism

orb(x) = {y € X|3f € Inn(X), y = £(x)}.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Definition

Let X be a quandle. The orbit of an element x € X is the the
subset of elements y € X which are images of x by an inner
automorphism

orb(x) = {y € X|3f € Inn(X), y = £(x)}.

@ A quandle is connected if it has a single orbit.
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Geometric Interpretation of the Knot Quandle
Quandles Automorphism Groups

Definition

Let X be a quandle. The orbit of an element x € X is the the
subset of elements y € X which are images of x by an inner
automorphism

orb(x) = {y € X|3f € Inn(X), y = f(x)}.

@ A quandle is connected if it has a single orbit.
@ A quandle X is medial if for all a, b, c,d € X we have

(apb)>(c>d)=(arc)>(brd).

It turns out that a quandle is medial if and only if its
transvection group is abelian; thus, medial quandles are
also called abelian. For example, Alexander quandles are
medial.
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Knot Quandle, Quandle Homomorphism and Quandle Colorings
Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ A quandle is faithful if the mapping

X — Inn(X)
a r—— Ba

is an injection.
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Geometric Interpretation of the Knot Quandle

Quandles Automorphism Groups

@ A quandle is faithful if the mapping

X — Inn(X)
a r—— Ba

is an injection.
@ A quandle X is called simple if the only surjective quandle
homomorphisms f : X — Y have trivial images or bijective.
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Framed knots
Racks
Rack counting invariants

A Generalization of Quandles: Racks
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Framed knots
Racks

Rack counting invariants

A Generalization of Quandles: Racks

Definition

A framed knot is a knot K in S® with a parallel curve J on the
boundary of a tubular neighborhood N of K which wraps
around the torus p times meridionaly and once longitudinaly:
[J] = p[m] + [/] where m and [ are respectively the meridian
and theprefered parallel of ON.

The integer p is called the framing of the knot K.

Definition

Two framed knot K with the curve J and K’ with the curve J’
are isotopic if there is a homeomorphism of S® preserving the
ambient orientation and which sends K on K’ and the curve J
on the curve J'.

H. Abchir Some Algebraic Structures and Links




Framed knots
Racks
Rack counting invariants

A Generalization of Quandles: Racks

The Reidemeister moves for framed knots
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Rack counting invariants

A Generalization of Quandles: Racks
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Framed knots
Racks

Rack counting invariants

A Generalization of Quandles: Racks

It turns out that the framed type | move imposes no conditions
on the algenraic structure at all. Thus, we have a new definition
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Framed knots
Racks

Rack counting invariants
A Generalization of Quandles: Racks

It turns out that the framed type | move imposes no conditions
on the algenraic structure at all. Thus, we have a new definition

Definition

A rack is a set X with two binary operations <,>=1X x X :— X
satisfying

Q@ (x>y)p'y=x=(x>""y)>yand

Q (xvy)pz=(xp2)>(yo2).
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Framed knots
Racks

Rack counting invariants
A Generalization of Quandles: Racks

It turns out that the framed type | move imposes no conditions
on the algenraic structure at all. Thus, we have a new definition

Definition

A rack is a set X with two binary operations <,>=1X x X :— X
satisfying

Q@ (x>y)p'y=x=(x>""y)>yand

Q (xvy)pz=(xp2)>(yo2).

Going through a kink is a bijective map
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Framed knots
Racks

Rack counting invariants
A Generalization of Quandles: Racks

It turns out that the framed type | move imposes no conditions
on the algenraic structure at all. Thus, we have a new definition

Definition

A rack is a set X with two binary operations <,>=1X x X :— X
satisfying

Q@ (x>y)p'y=x=(x>""y)>yand

Q (xvy)pz=(xp2)>(yo2).

Going through a kink is a bijective map

™ X — X
X — 7m(X)=xp>Xx

with inverse 7= (x) = x>~ x.
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Framed knots
Racks

Rack counting invariants
A Generalization of Quandles: Racks

It turns out that the framed type | move imposes no conditions
on the algenraic structure at all. Thus, we have a new definition

Definition

A rack is a set X with two binary operations <,>=1X x X :— X
satisfying

Q@ (x>y)p'y=x=(x>""y)>yand

Q (xvy)pz=(xp2)>(yo2).

Going through a kink is a bijective map

™ X — X
X — 7m(X)=xp>Xx

with inverse 7= (x) = x>~ x.
We call = the kink map.
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Framed knots
Racks

Rack counting invariants
A Generalization of Quandles: Racks

Remark -: Even if 7(x) # x, if we go through enough kinks we
eventually run out of new labels.

Definition

Let X be a rack. For any x € X, the rank of x is the smallest
positive integer n such that 7"7(x) = x.

The least common multiple of all such n for all elements of X is
called the rack characteristic or rack rank of X.

Example -: Every quandle is a rack. We can define a quandle
as a rack in which the kink map is the identity, or as a rack of
characteristic 1.
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A Generalization of Quandles: Racks
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Framed knots
Racks
Rack counting invariants

A Generalization of Quandles: Racks

As with quandles, each framed oriented knot K has a
fundamental rack R(K) which we can define topologically or
combinatorially.

Topologically version Let K be a knot in S3.
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Framed knots
Racks

Rack counting invariants

A Generalization of Quandles: Racks

As with quandles, each framed oriented knot K has a
fundamental rack R(K) which we can define topologically or
combinatorially.

Topologically version Let K be a knot in S3.

Let N be a tubular neighborhood of K in S%. We denote

X=8\N
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Framed knots
Racks

Rack counting invariants

A Generalization of Quandles: Racks

As with quandles, each framed oriented knot K has a
fundamental rack R(K) which we can define topologically or
combinatorially.

Topologically version Let K be a knot in S3.

Let N be a tubular neighborhood of K in S%. We denote

X=8\N

Fix a base point in X.
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Framed knots
Racks

Rack counting invariants

A Generalization of Quandles: Racks

As with quandles, each framed oriented knot K has a
fundamental rack R(K) which we can define topologically or
combinatorially.

Topologically version Let K be a knot in S3.

Let N be a tubular neighborhood of K in S%. We denote

X=8\N

Fix a base point in X.

If p is the terminal point of a representative of the homotopy
class y, we denote mp = m,.

the quandle operation x > y in the fundamental quandle is then
given by the figure as in 8, in which we add the framing curve
and ask that the homtopies move the points along the framing
curve and fix the basepoint.
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