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Introduction

The standard model of a symplectic manifold is the Euclidean
space R?" endowed with its canonical symplectic form

Wy = i dx; A\ dy;.
i=1

A symplectomorphism of (R?",wy) is a diffeomorphism
F : R?" —3 R2" such that

*
F Wo = Wy.



It is obvious that a symplectomorphism F is also a
preserving-volume diffeomorphism since

FQ=0Q,

where €2 = A"wyg is the volume form associated to wy.



It is obvious that a symplectomorphism F is also a
preserving-volume diffeomorphism since

FQ=0Q,

where €2 = A"wyg is the volume form associated to wy.
Note that F is a preserving-volume diffeomorphism iff F
preserves the Lebesgue measure.



It is obvious that a symplectomorphism F is also a
preserving-volume diffeomorphism since

FQ=0Q,

where €2 = A"wyg is the volume form associated to wy.

Note that F is a preserving-volume diffeomorphism iff F
preserves the Lebesgue measure.

Question 1 : Is the group of symplectomorphisms significantly
smaller than the group of preserving-volume diffeomorphisms ?
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It is obvious that a symplectomorphism F is also a
preserving-volume diffeomorphism since

FQ=0Q,

where €2 = A"wyg is the volume form associated to wy.

Note that F is a preserving-volume diffeomorphism iff F
preserves the Lebesgue measure.

Question 1 : Is the group of symplectomorphisms significantly
smaller than the group of preserving-volume diffeomorphisms ?
Question 2 : If the answer to the first question is yes, can one
find a topological characterization of a symplectomorphism ?

11



The symplectic cylinder of radius R > 0 is
Z(R) = {(x,...,y) € R*", x? + y? < R?} =~ B}(R)xR>"2,

We denote by B"(r) the Euclidean closed ball of center 0 and
the radius r in R?",

12



The symplectic cylinder of radius R > 0 is
Z(R) = {(x,...,y) € R*", x? + y? < R?} =~ B}(R)xR>"2,

We denote by B"(r) the Euclidean closed ball of center 0 and
the radius r in R?". Note that

B>"(R) c Z*'(R).

13



The symplectic cylinder of radius R > 0 is

Z"(R) ={(x,...,y) e R*", x{ + y; < R*} = B*(R)xR*" 2.

’

We denote by B"(r) the Euclidean closed ball of center 0 and
the radius r in R?". Note that

B*"(R) C Z*"(R).

Theorem.

(Gromov 1985) If there is a symplectic embedding
F:B?'(r) < Z?"(R) then r < R.
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A symplectic capacity is a functor ¢ which assigns to every
symplectic manifold (M, w) a nonnegative (possibly infinite)
number ¢(M, w) and satisfies the following conditions.
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A symplectic capacity is a functor ¢ which assigns to every
symplectic manifold (M, w) a nonnegative (possibly infinite)
number ¢(M, w) and satisfies the following conditions.
@ (Monotonicity) If there is a symplectic embedding
(Ml,wl) — (Mg,(ﬂz) and dim M; = dim M, then
c(l\/ll,wl) < C(Mg,&)z).
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A symplectic capacity is a functor ¢ which assigns to every
symplectic manifold (M, w) a nonnegative (possibly infinite)
number ¢(M, w) and satisfies the following conditions.
@ (Monotonicity) If there is a symplectic embedding
(My,w;1) < (Ma,w,) and dim M; = dim M, then
(M, wq) < ¢(Ma,wy).
@ (Conformality) ¢(M, \w) = |A|c¢(M,w).
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A symplectic capacity is a functor ¢ which assigns to every
symplectic manifold (M, w) a nonnegative (possibly infinite)
number ¢(M, w) and satisfies the following conditions.

@ (Monotonicity) If there is a symplectic embedding
(Ml,wl) — (Mg,(ﬂz) and dim M; = dim M, then
c(l\/ll,wl) < C(Mg,&)z).

@ (Conformality) ¢(M, \w) = |A|c¢(M,w).

@ (Non triviality) ¢(B?"(1),w,) > 0 and
¢(Z%7(1), wp) < 0.
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Proposition.

Proof : The direct sense is trivial. The converse is based on
the Gromov width.

20



Proposition.

The existence of a symplectic capacity ¢ satisfying
¢(B*"(1),w0) = ¢(Z*"(1),w0) = (1)

is equivalent to Gromov's nonsqueezing theorem.

Proof : The direct sense is trivial. The converse is based on
the Gromov width. For any symplectic 2n-dimensional
manifold (M,w), put

cG(Iwﬁw) - SUPE(/VLM)?
where
= {7r*| (B*"(r),wo) embeds symplectically in M} .

0
il



The key to understanding symplectic capacities is the
observation that the non triviality axiom makes it impossible
for the volume of M to be a capacity. The requirement that
¢(Z?"(1),wp) be finite means that these capacities are
2-dimensional invariants.
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The existence of symplectic capacities is non trivial.

23



The existence of symplectic capacities is non trivial.

In this course we give another proof of Gromov's theorem
using the notion of symplectic capacity, namely, the symplectic
capacity introduced by Hofer-Zehnder in [4] based on the
highly difficult theorem :

Theorem.

(Hofer-Zehnder 1990) Assume H € H(Z?"(1)) with
sup H > m. Then the Hamiltonian flow of H has a nonconstant
periodic orbit of period 1.
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Affine nonsqueezing theorem

Symplectic vector spaces

Let (e1, ..., e,) denote the canonical basis of R?". The
bilinear skew-symmetric 2-form

n

is non-degenerate, i.e.,
wo(u,v) =0 Vv eER?” = u=0.

The couple (R?",wyp) is the standard example of symplectic
vector space.
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More generally, a symplectic vector space is a couple (V,w)
where V is finite dimensional R-vector space and w is a
bilinear skew-symmetric 2-form on V which is nondegenerate.
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More generally, a symplectic vector space is a couple (V,w)
where V is finite dimensional R-vector space and w is a
bilinear skew-symmetric 2-form on V which is nondegenerate.
This means that w satisfies :

@ w is bilinear;
Q forany u,v eV, w(u,v)=—w(v,u);
©Q foranyueV,

w(u,v)=0 YveV = u=0.

A symplectic vector space must be even dimensional.
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Let (V,w) be a symplectic vector.

@ A linear symplectomorphism of V is a vector space
isomorphism ® : V — V which preserves the symplectic
form w, i.e., for any u,v € V,

O w(u,v) == w(du,dv) = w(u, v).
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Let (V,w) be a symplectic vector.

@ A linear symplectomorphism of V is a vector space
isomorphism ® : V — V which preserves the symplectic
form w, i.e., for any u,v € V,

O w(u,v) == w(du,dv) = w(u, v).

The linear symplectomorphisms of (V,w) form a group
which we denote by Sp(V/,w). In the case of the standard
symplectic structure on R?”, we denote
Sp(2n) = Sp(R?", wy).

29



Let (V,w) be a symplectic vector.

@ A linear symplectomorphism of V is a vector space
isomorphism ® : V — V which preserves the symplectic
form w, i.e., for any u,v € V,

O w(u,v) == w(du,dv) = w(u, v).

The linear symplectomorphisms of (V,w) form a group

which we denote by Sp(V/,w). In the case of the standard
symplectic structure on R?”, we denote
Sp(2n) = Sp(R?", wy).

@ Let W C V be a vector subspace. The symplectic
orthogonal of W is the vector space

W ={ue V,w(uv)=0vve W}.

20
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Proposition.

We have
dim W +dimW =dimV and (W¥)* = W.

Theorem.

Let (V,w) be a symplectic vector space of dimension 2n.
Then there exists a basis (e, ..., €y, é1,...,8&,) such that

w(e;, ej) = w(é,-, éj) =0 and w(e;, éj) = 5,J

Such a basis is called a symplectic basis. Moreover, there
exists a vector space isomorphism ® : R2" — V such that

d*w = wo-

D



The volume form associated to a symplectic vector space
(V,w) is the 2n-form given by

n

———
Q=w"=wA...\Nw.

Note that Q # 0 and, more precisely, if (e1,..., e, &,..., &)
is a symplectic basis then

Q=nl(ef NEAN...Ne, NE,).
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Linear symplectic group

Let By be the canonical basis of R?" and (, ) the Euclidean
inner product of R?". The matrix of wy in By is the matrix

0 I,
(2.

We have obviously J2 = —1I5,,

(Jou,Jov) = (u,v) and wo(u,v) = (Jou, v). (2)

YN



An isomorphism of R?" is a linear symplectomorphism iff its
matrix ¢ in By satisfies

®LJo® = Jo. (3)
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An isomorphism of R?" is a linear symplectomorphism iff its
matrix ¢ in By satisfies

dTJd = J,. (3)

Sp(2n) ~ {® € GL(2n,R), ®"Jo® = Jo.} .
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An isomorphism of R?" is a linear symplectomorphism iff its
matrix ¢ in By satisfies

dTJd = J,. (3)

Sp(2n) ~ {® € GL(2n,R), ®"Jo® = Jo.} .
We have

Sp(2n) C SL(2n,R) := {® € GL(2n,R), det® =1}.

Y
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An isomorphism of R?" is a linear symplectomorphism iff its
matrix ¢ in By satisfies

dTJd = J,. (3)

Sp(2n) ~ {® € GL(2n,R), ®"Jo® = Jo.} .
We have

Sp(2n) C SL(2n,R) := {® € GL(2n,R), det® =1}.

Y

Since J;' = —Jo we get that ® € Sp(2n) iff ®T € Sp(2n).

28
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We identify GL(n,C) as

{( ),X,YGGL(n,R)}
2n,R),

dJo = Jod}.

40



We identify GL(n, C) as

GL(n,C) = {( ); _XY ) X, Y € GL(n,R)}
= {® e GL(2n,R),dJy = Jod} .

The unitary group is identified to

U(n) = {( 5y ) € GL(n,C), (X +1Y)(X —1Y)T = I,,}.

41
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Lemma.

We have
Sp(2n)NO(2n) = Sp(2n)NGL(n, C) = O(2n)NGL(n, C) = U(n).

Let ® be a 2n x 2n real matrix. We have the following
equivalence :

¢ e GL(n,C) <=  dJy=Jp?,
®cSp(2n) =  dTJyd =J,
®c0O2n) <= 0D =1y,

It is obvious that any of these conditions imply the third.

42



Now, according to (??), the subgroup Sp(2n) N GL(n, C)
consists of this matrix

X =Y
CD:(Y % )6GL(2n,R)

which satisfy
XYT =vxt and XXT+YYT =1,
This is precisely the condition

(X +2Y)(X —Y) =1,

44



Lemma.
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Lemma.

If P = PT € Sp(2n) is symmetric, positive definite symplectic
matrix then P* € Sp(2n) for any real number o« > 0.

Proof. We will show that, for any z, z/ € R?",
wo(P%z, P*Z") = wo(z, 2'). (%)

First, denote by 0 < A\; < ... < A, the different eigenvalues of
P and V,,,..., V), the corresponding eigenspaces. We have

R =V\ @...0 V.

We distinguish two cases :

@ ze V), Z €V, and \;\; # 1. Then Pz = \{'z and
Pz = X\?z' and according to Lemma 77 wy(z,2') =0
and (%) holds.

@ ze Vy,Z €V and \;\; = 1. Then Pz = )¢z,

Pz = X%z’ and (x) holds. O
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Proposition.
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Proposition.

The unitary group U(n) is a maximal compact subgroup of
Sp(2n) and the quotient Sp(2n)/U(n) is contractible.

Proof : Thus the map
Sp(2n) x [0,1] — Sp(2n) : (®,1) > (PdT) 20

is a retraction of Sp(2n) onto U(n).
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Proposition.

The unitary group U(n) is a maximal compact subgroup of
Sp(2n) and the quotient Sp(2n)/U(n) is contractible.

Proof : Thus the map
Sp(2n) x [0,1] — Sp(2n) : (®,1) > (PdT) 20

is a retraction of Sp(2n) onto U(n).
Let G C Sp(2n) be any compact subgroup. Put
P = [, g"gdg. We have, for any ¢ € G,

oTPO =P
and hence

P:GP~2 C Sp(2n) N O(2n) = U(n).

40



An affine symplectomorphism of R?" is a map
¢ : R?" — R?" of the form

o(z) = Pz + z),

where ® € Sp(2n) and z, € R?". We denote by ASp(2n) the
group of affine symplectomorphisms. The affine nonsqueezing
theorem asserts that a ball in R?” can only be embedded into
a symplectic cylinder by an affine symplectomorphism if it has
a smaller radius. The symplectic cylinder of radius R > 0 is

Z"(R) = {(x,y) e R*", x{ + y; < R*} =~ B*(R) x R*"2,

We denote the Euclidean closed ball of center 0 and the radius
r in R?" by B2"(r).

50
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Theorem.

Let ¢ € ASp(2n) and assume that ¢(B"(r)) C Z>"(R). Then
r<R.

Proof. Write ¢(z) = ®(z) + z, with ® € Sp(2n) and z; € R?"

and denote by (e, ..., e,) the canonical basis of R?". The

condition ¢(B?"(r)) C Z?"(R) is equivalent to

Yue B¥(r), ((®(u)1+2)* + (®(1))ns1 + 25)* < R
(*)

Now it is easy to see that

(O(u)): = (®"er,u) and (P(u))rr1 = (B epiy, u).
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The crucial point is that since ®T € Sp(2n),
wo(®ler, ®le, 1) = woler, eni1) = 1.
So, by using (2) and the Cauchy-Schwarz inequality, we get
1=wo(®le, dle 1) < [0Te]|dT e, 1.
This inequality implies that either |®Te;| or [®Te,, 1] is

greater than or equal to one. Assume without loss of generality

that |®Te;| > 1 and choose in (*) u = erlﬂzil where € is the

sign of z}. We get
r? < (r|@Te| + 1 z])* + (@(1))ns1 + 2571)* < R,

and the theorem follows. O

53



We call a subset A C R?" a linear symplectic ball of radius
r if there exists ® € Sp(2n) such that A = ®(B?"(r)). It
results that A and B?"(r) must have the same volume and
hence r does not depend on 9.

cA



We call a subset A C R?" a linear symplectic ball of radius
r if there exists ® € Sp(2n) such that A = ®(B?"(r)). It
results that A and B?"(r) must have the same volume and
hence r does not depend on .

In a similar way, a subset Z € R?" is called linear symplectic
cylinder if there exists ® € Sp(2n) and r > 0 such that

Z = ®(Z?(r)). It follows from Theorem 9 that for any linear
symplectic cylinder Z the number r > 0 is a linear symplectic
invariant.

515



A nonsingular 2n x 2n matrix ® is said to have the linear
nonsqueezing property if for every linear symplectic ball B
of radius r and every linear symplectic cylinder Z of radius R

we have
®B)cZ = r<R.

56



A nonsingular 2n x 2n matrix ® is said to have the linear
nonsqueezing property if for every linear symplectic ball B
of radius r and every linear symplectic cylinder Z of radius R
we have

®B)cZ = r<R.

Theorem.

Let ® be a non singular 2n x 2n matrix such that ® and ®~1
have the linear nonsqueezing property. Then ® is either
symplectic or anti-symplectic.

R7



Suppose that ® is neither symplectic or anti-symplectic. Then
there exist u, v € R?" such that

0 < A\ = wo(®Tu,®v) < wo(u,v) = 1.

5Q



Suppose that ® is neither symplectic or anti-symplectic. Then
there exist u, v € R?" such that

0 < A = wo(®u, dv) < wo(u, v) = 1.

Hence there exist symplectic bases By = (u1, v1, ..., up, V)
and B, = (uq, vq, ..., u,,v}) of R?" such that

m=u wv=v, uy=110%u vj=)\1oTy.

Denote by W € Sp(2n) (resp. V' € Sp(2n)) the matrix which
maps By to B; (resp. B,).

50



Then the matrix
A=V "1pTy
satisfies

Ae; = e and Aepi1 = Ehenia.

This implies that the transposed matrix AT maps the unit ball
B?"(1) to cylinder Z2"()\). But since A < 1 this means that ¢
does not have the nonsqueezing property in contradiction to

our assumption. This proves the theorem. O
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The affine nonsqueezing theorem gives rise to the notion of
the linear symplectic width of an arbitrary subset A C R?",
defined by

W, (A) = sup {mr’| $(B>"(r)) C A for some ¢ € ASp(R*")} .

61



The affine nonsqueezing theorem gives rise to the notion of
the linear symplectic width of an arbitrary subset A C R?",
defined by

2, (A) = sup {mr’| $(B>"(r)) C A for some ¢ € ASp(R*")}.

It follows from Theorem 9 that the linear symplectic width
has the following properties :

@ (Monotonicity) If $(A) C B for some ¢ € ASp(R?")
then QﬂL(A) S QHL(B)

e (Conformality) 20, (A\A) = \220,(A).
e (Nontriviality) 20,(B%"(r)) = 25,(Z%"(r)) = mr?.

62



The nontriviality axiom implies that 2, is a two-dimensional
invariant. It is obvious from the monotonicity property that
affine symplectomorphisms preserve the linear symplectic
width. We shall prove that this property in fact characterizes
symplectic and anti-symplectic linear maps.

63



Recall that an ellipsoid centered at 0 in the Euclidean space
R2" is given by

2n
E= {x € R?| Z ajxixj = (Ax, x) < 1}

ij=1

where the 2n x 2n matrix A = (a;;) is symmetric positive
definite.

64



Recall that an ellipsoid centered at 0 in the Euclidean space
R2" is given by

2n
E= {x € R*"| Z ajxixj = (Ax, x) < 1}

ij=1

where the 2n x 2n matrix A = (a;;) is symmetric positive
definite.
Proposition.
@ For any r > 0 and for any ® an isomorphism, ®(B>"(r))
is an ellipsoid centered at 0.

Q If E is an ellipsoid centered at 0 then for any r > 0 there
exists & an isomorphism such that E = ®(B?"(r)).

65



There exists ® € O(2n) such that

dL(E) = {( ,X2n) € R?"| Z }

where p; = \//\,-_1 and 0 < A\; < ... < )y, are the eigenvalues
of the matrix (a;).

66



Symplectically an ellipsoid can be characterized as follows.




Since wy is nondegenerate there exists a skew-symmetric (with
respect to (, )4) nonsingular endomorphism J such that

wo(u, v) = (Ju, v)a.

According to a classical result in linear algebra there exists an
orthonormal basis of (, Y4 say (u1,...,Usve,...,V,) and a
family of real number 0 < a; < ... < a, such that, for
i=1,....n,

JU,' = a;V; and JV,' = —aju;.

Fori=1,...,n put u. =/a;'u;and v/ = \/a; 'v;. It is easy

to check that (uy,...,ul,vi,...,v}) is a symplectic basis of

>'n

R?". Denote by ¢ the element of Sp(2n) which maps the

canonical basis to this basis.
68



Now, we have

<U, u>A = wO(Jilua U)
= Z (wo(d™ u, vi)wo(uj, u) — wo(J ™ u, uf)wo (v, 1))
i=1

= Z (wo(4 71V, u)wo(Pey, u) — wo(J ™ uf, u)wo(Peni1, u))
i=1

n

=) <1(W0(Uf, u)wo(Pe, u) + wo(v;, u)wo(Pens1, U)))

2
i=1 !

n

= 3 (Leooe en(0,0) +wofers, eo(Oerer, )

i=1 !

= 3 (Rt 0 e o)),

2
i=1 !

and the first statement of the lemma follows.
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To prove uniqueness of the n-uple r; < ... < r, consider the
diagonal matrix

D(r) = diag(1/r2, ..., 1/r2 1/r?, ..., 1/r).
We must show that if there is a symplectic matrix  such that
®TD(r)d = D(r)

then r = r’. Since Jo®T = ®~1J, the above identity is
equivalent to
¢_1J0D(r)¢ = J()D(f,).

Hence JoD(r) and JoD(r’) have the same eigenvalues. But it
is easy the check that the eigenvalues of JoD(r) are
+au/r?, ..., £1/r2. This proves the lemma. O

70



In view of Lemma 12 we define the symplectic spectrum of
an ellipsoid E to be the unique n-uple r = (ry,..., r,) with
0<n <...<r,such that E is linearly symplectomorphic to
E(r). The spectrum is invariant under linear
symplectomorphisms and, in fact, two ellipsoids in R”, which
are centered at 0, are linearly symplectomorphic if and only if
they have the same spectrum. Moreover, the volume of an
ellipsoid E C R?" is given by

g n

Vol(E) = [ = =" T] 2.
i=1
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In view of Lemma 12 we define the symplectic spectrum of
an ellipsoid E to be the unique n-uple r = (ry,..., r,) with
0<n <...<r,such that E is linearly symplectomorphic to
E(r). The spectrum is invariant under linear
symplectomorphisms and, in fact, two ellipsoids in R”, which
are centered at 0, are linearly symplectomorphic if and only if
they have the same spectrum. Moreover, the volume of an
ellipsoid E C R?" is given by

g n

Vol(E) = [ = =" T] 2.
i=1

Note that

Thus



The following theorem characterizes the linear symplectic
width of an ellipsoid in terms of the spectrum.

Proposition.

73



We finish this section by the following characterization of
linear symplectic or anti-symplectic maps.

Theorem.

Let ® : R2" — R2" be a linear map. Then the following are
equivalent.

(i) ® preserves the linear width of ellipsoids centered at 0.
(if) The matrix ® is either symplectic or anti-symplectic, i.e.,
d)*wo = :l:(,«.}o.

74



(if) implies (i) is obvious. Now assume (7). Note first that ® is
invertible and ®~1 preserves the linear width of ellipsoids
centered at 0. Indeed,

W, (¢ E) =2, (¢ E) = W, (E)

for every ellipsoid E which is centered at zero.

We shall prove that ® has the nonsqueezing property. To see
this let B be a linear symplectic ball or radius r and Z be a
linear symplectic cylinder of radius R such that

dB C Z.
Then it follows that
7Tf2 — w[_(B) = QﬂL(CDB) S QUL(Z) — 7TR2

and hence r < R. O
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Symplectic manifolds and Hamiltonian flows

A symplectic structure on a manifold M is non-degenerate
closed 2-form w € Q?(M), i.e., w is a differential 2-form such

that :
Q for any x € M, (T M,w,) is a symplectic vector space,
Q dw=0.

The couple (M, w) is called symplectic manifold.

76



Symplectic manifolds and Hamiltonian flows

A symplectic structure on a manifold M is non-degenerate
closed 2-form w € Q?(M), i.e., w is a differential 2-form such
that :
Q for any x € M, (T M,w,) is a symplectic vector space,
Q dw=0.
The couple (M, w) is called symplectic manifold.
Let (M, w) be symplectic manifold. The nondegeneracy implies
to the existence of a canonical isomorphism between the
tangent and the cotangent bundle, namely,

Wi TM — T*M: u — iyw = w(u,.).

In particular, for any function H € C°°(M), there exists a
unique vector field denoted by Xy such that

iXHw = dH. (4)

77



The vector field Xy is called Hamiltonian vector field
associated to H.
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The vector field Xy is called Hamiltonian vector field
associated to H.

On the other hand, the nondegeneracy is equivalent to the
fact that the maximal form Q = A"w is a volume form and
hence any symplectic manifold is orientable.
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The vector field Xy is called Hamiltonian vector field
associated to H.

On the other hand, the nondegeneracy is equivalent to the
fact that the maximal form € = A"w is a volume form and
hence any symplectic manifold is orientable.

A symplectomorphism of (M, w) is a diffeomorphism

¢ . M — M such that ¢*w = w. We denote the group of
symplectomorphisms by Symp(M, w).

[0



A vector field X is called symplectic if its flow preserves w,
i.e., the Lie derivative of w is the direction of X.

Q1



A vector field X is called symplectic if its flow preserves w,
i.e., the Lie derivative of w is the direction of X.
Note that according to the Cartan’s formula

Lxw = dixw + ixdw

and since dw = 0, X is symplectic if and only if ixw is closed.
We denote by X (M, w) the space of symplectic vector fields.
It is obvious that any Hamiltonian vector field is symplectic.

Q9









Example.
Q (R?",wy) is the standard model of symplectic manifold.
©Q Any oriented surface S is a symplectic manifold.

© The canonical symplectic structure of the
cotangent bundle. Let L be a smooth manifold, consider
T*L the total space of its cotangent bundle and denote
by m: T*L — L the canonical projection. The Liouville
form in T*L is the differential 1-form X\ in T*L given by

MZa) = a(Tam(Z4)),

where o« € T*L and Z, € T,(T*L). Let (q1,...,qn) be a
coordinates system on L and (q1, ..., qn, p1,--.,Pn) the
associated coordinates system on T*L. Then

A= Z pidg;.
=i

(9159



Darboux’s Theorem asserts that there is no local invariant in
symplectic geometry, more precisely, in a given dimension all
symplectic forms are locally diffeomorphic.

Theorem.

Let (M,w) be a symplectic manifold and m € M. Then there
exists a coordinates system (X1, ...,Xp, Y1, --,Yn) Such that

W = zn:dx,-/\dy;.

i=1

Such coordinates are called Darboux’s coordinates.

Q6



According to Theorem 5 there is a coordinates system
(g1,---,9n, P1,---,Pn) defined on an open set U containing m
n

such that if w; = » _ dg; A dp; then
i=1

w(m) = wy(m).
Moreover, since w; — wy is closed there exists o € Q!(U) such

that
do = w; — wy.

For t € [0,1] put w; = w + tdo. Since wy(m) is
nondegenerate and [0, 1] is compact, we can choose U such
that w; is nondegenerate on U for every t € [0, 1].
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We consider now the family of vector fields (X;) defined by
itht = —0

and ®; the family of diffeomorphisms defined by

d .
%Cbt:XtoCDt and &g = id.

Since X;(m) = 0 for every t € [0, 1] we can shrink U if
necessary to get ®, defined for every t € [0, 1] and
o, (U) C U. Now

ad)twt = @] (dtwt + ix, dw; + d/tht>
= &} (do—do) =0,
and hence ®jw; = w and the theorem follows.

Q9



A Hamiltonian system is a triple (M, w, H) where (M, w) is
a symplectic manifold and H a function on M. The
Hamiltonian vector field Xy associated to H has a flow called
Hamiltonian flow and its integral curves are solution of

x(t) = Xi(x(1))-

If (x1,...,Xn,¥1,-.-,Yn) are Darboux’s coordinates then this
differential system is equivalent to

. OH OH

X, Dy, and % i ,n (5)

Q0






The Hofer-Zehnder Capacity

In this final section we establish the existence of the
Hofer-Zehnder capacity and hence prove the Gromov's
nonsqueezing theorem. This capacity is based on properties of
the periodic orbits of Hamiltonian flows on a symplectic
manifold (M,w) and was introduced in [4].

01



Let (M, w) be a symplectic manifold. Denote the set of all
nonnegative Hamiltonian functions which are compactly
supported on the interior of M and which attain their
maximum on some open set by

H(M) = {H € Cg°(intM)|H > 0, H,y = sup H form some open set U}.

(o))



For every function H consider the time-independent
Hamiltonian flow ¢§, € Symp“(M,w) generated by the
Hamiltonian vector field Xy.
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For every function H consider the time-independent
Hamiltonian flow ¢§, € Symp“(M,w) generated by the
Hamiltonian vector field Xy.

An orbit x(t) = ¢},(xo) is called T-periodic if
x(t+ T) = x(t) for every t € R.
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For every function H consider the time-independent
Hamiltonian flow ¢§, € Symp“(M,w) generated by the
Hamiltonian vector field Xy.

An orbit x(t) = ¢},(xo) is called T-periodic if
x(t+ T) = x(t) for every t € R.

Call a function H € H(M) admissible if the corresponding
Hamiltonian flow has no nonconstant T-periodic orbit with
period T < 1. In other word, every nonconstant periodic orbit
has period > 1.

(019



For every function H consider the time-independent
Hamiltonian flow ¢§, € Symp“(M,w) generated by the
Hamiltonian vector field Xy.

An orbit x(t) = ¢},(xo) is called T-periodic if
x(t+ T) = x(t) for every t € R.

Call a function H € H(M) admissible if the corresponding
Hamiltonian flow has no nonconstant T-periodic orbit with
period T < 1. In other word, every nonconstant periodic orbit
has period > 1.

Denote the set of admissible Hamiltonian functions by

Haa(M,w) = {H € H(M)| H admissible} .
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The following lemma shows that for every Hamiltonian
function H € H(M) the function e¢H is admissible for ¢ > 0
sufficiently small. Roughly speaking, if a vector field is small
then its orbits are slow and hence the period is long.

Lemma.

Let x(t) = x(t + T) € R™ be a periodic solution of the
differential equation

x(t) = f(x),

where f : R™ — R™ is continuously differentiable. If

T.sup|ldf(x)]| <1

then x(t) is constant.

Q7



Since x(0) = x(T) an easy calculation shows that

t T
-7
«(t) = /0 2 (s)ds + /t T x(s)ds
This implies
.
(0] < [ K(s)ds < VTl
0

and hence
[X]|2 < T2

08



Note denote € = sup ||df(x)|| and note that
x| < ldf (I [x] < el

Hence
X[z < ellx][z < eT[IX]] 2

Since e T < 1 it follows X(t) = 0. Hence x(t) is constant and
periodic and hence x(t) is constant. O

(o]0}



The Hofer-Zehnder capacity of (M, w) is defined by

chz(M,w) = sup |H]
HeHqq(M,w)

where ||H|| is the Hofer norm given by

IH| = sup H(x) — inf H(x).
xeM

xeM

One can deduce easily from Lemma 18 that for every
nonempty symplectic manifold (M, w), ¢yz(M,w) > 0.
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The following theorem is due to Hofer and Zehnder [4].

Theorem.
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The proof of this theorem rests on the following existence
result for periodic orbits of Hamiltonian differential equation in
R2" which a proof will be given in the last section.

Theorem.

Assume H € H(Z?"(1)) with sup H > w. Then the
Hamiltonian flow of H has a nonconstant periodic orbit of
period 1.
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Proof of Theorem 19.

Monotonicity.

Let ¢ : (My,w1) — (Ma,w;) be a symplectic embedding with
dim M; = dim M.

103



Proof of Theorem 19.

Monotonicity.

Let ¢ : (My,w1) — (Ma,w;) be a symplectic embedding with
dim M; = dim M.

If H; : My — R is a compactly supported function then there
is a unique compactly supported function H, : M, — R such
that H, vanishes on M, — ¢(M;) and H; = H, o ¢. Since H; is
compactly supported the function H, is smooth.
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Since ¢ intertwine the Hamiltonian flows of H; et H, there is a
one-to-one correspondence of nonconstant periodic orbits of
these flow. Hence

cHz(My,wi) = sup ||H4]|
Hi€H aq(Mr,w1)

_ sup | Ha|
Hy€H (Mo, w5)
supp(Ha2) Cp(Mr)

< epz(My, w,).

This proves monotonicity.
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Conformality.

Since the Hamiltonian vector field of H with respect to w
agree with the Hamiltonian field of AH with respect to Aw and
hence

Haa(M, \w) = {\H|H € Hoa(M,w)}

and conformality follows.
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Non triviality.

We shall now prove the inequality ¢yz(B>"(1),wo) > 7.
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Non triviality.

We shall now prove the inequality ¢yz(B>"(1),wo) > 7.
Let € > 0 and choose a smooth function f : [0,1] — R such
that

Vr, —m < f'(r) <0, f(r) =7 — ¢, for r near 0,
f(r) =0 for r near 1.

Define H(z) = f(|z|?) for z € B?"(1). Then
H e H(B*"(1)) and ||H|=7—e.

We must prove now that H is admissible.
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But the orbits of the Hamiltonian flow are easy to calculate
explicitly. According to (5), the Hamiltonian differential
equation of H is of the form

x=2f'(|z3)y and y=—2f"(|z]*)x

and it follows that r = |z(t)|? is constant along the solutions.
In complex notation z = x + 1y the solutions are

z(t) = exp(—2:f'(r)t) 2

and are all periodic.
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They are nonconstant whenever f'(r) # 0 and in this case the
period is T = 7 r) > 1. Hence for every € > 0 there is an
admissible Hamiltonian function H € H(B?") with

|H|| = m — € and this proves the inequality

CHz(an(l): wo) 2 .
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Now Theorem 20 asserts that for every H € H(Z?"(1)) with
|H|| > 7 the corresponding Hamiltonian flow has nonconstant
periodic orbit of period 1. Hence any such function is not
admissible and this implies

CHz(Zzn(].),wO) S Tr.
By the monotonicity axiom we have
cHZ(B2”(1),w0) = cHZ(Z2”(1),w0) =T

and this proves the theorem.
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