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Proposition.

The topology of a Lie group G has the following properties:

0 G s a locally compact space, i.e., each neighborhood of an element of g contains a
compact one.

e The identity component Gg of G is an open normal subgroup which coincides with
the arc-component of 1.

e For a subgroup H of G the following are equivalent:

H is a neighborhood of 1.
H is open.
H s open and closed.

Q H contains Gg.

o If the set mo(G) := G/Gq of connected components of G is countable, then, in

addition, the following statements hold:

G is countable at infinity, i.e., a countable union of compact subsets.
For each 1-neighborhood U in G there exists a sequence (gn) in G

G =U, 9nU.
0 G is second countable, i.e., the topology of G has a countable basis.

Q If (U;)icr is a pairwise disjoint collection of open subsets of G, then I is

countable.






Baker-Campbell-Dynkin-Hausdorff Formula




Closed Subgroup Theorem




Closed Subgroup Theorem







Characterization of closed subgroup




Covering of Lie groups.




Covering of Lie groups.







The Integral Subgroup Theorem implies in particular that
cach Lie subalgebra h of the Lie algebra L(G) of a Lie
group G is integrable in the sense that it is the Lie algebra
of some Lie group H.

Combining this with Ado’s Theorem on the existence of
faithful linear representations of a Lie algebra, we obtain
one of the cornerstones of the theory of Lie groups:
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Connected Lie groups with the same universal

covering.




Connected Abelian Lie groups.
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Monodromy Principle.
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The structure of Lie group of Aut(G) when G is
1-connected

We recall that a Lie group G is called 1-connected if it is
connected and simply connected.
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Classification of Lie connected Lie groups with

given Lie algebra.




Classification of Lie connected Lie groups with
given Lie algebra.

Theorem.

Two connected Lie groups G and H have isomorphic Lie
algebras if and only if their universal covering groups G and
H are isomorphic

Theorem.

Let G be a connected Lie group and q : G — G the
unwersal covering morphism of connected Lie groups. Then
for each discrete central subgroup I' C G, the group G/T" is
a connected Lie group with L(G/I") = L(G) and, conversely,
each Lie group with the same Lie algebra as G is isomorphic
to some quotient G/I" and G/T'y ~ G /T’y if and only if
there exits ¢ € Aut(G) ~ Aut2(19) such that ¢(I'y) = T's.



An algorithm for determining the connected Lie
groups with a given Lie algebra g.

@ Find the 1-connected Lie group G such that L(é) =g.

@ Determine the center Z(G) and Aut(G) ~ Aut(g).

© Find the set D of discrete subgroups of Z(G) and
D/Aut(G).
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Yamabe’s Theorem.
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Jordan—Holder series of a Lie algebra
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Jordan—Holder series of a Lie algebra
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Commutators, Nilpotent and solvable Lie groups
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Since an integral subgroup is trivial if and only if its Lie
algebra is, we derive the following important theorem
connecting nilpotency and solvability of Lie groups and Lie
algebras.
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Nilpotent Lie Groups
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Solvable Lie groups

55












Compact Lie groups
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Maximal Tori in Compact Lie Groups

76



rard












Q1



9



Centralizers of Tori and the Weyl Group
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Centralizers of Tori and the Weyl Group
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