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Preliminaries

A pseudo-Euclidean vector space is a real vector space of finite
dimension n endowed with a nondegenerate symmetric inner
product of signature (g,n—q) =(—...—,+...4).
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Preliminaries

A pseudo-Euclidean vector space is a real vector space of finite
dimension n endowed with a nondegenerate symmetric inner
product of signature (g,n—q) =(—...—,+...4).

When the signature is (0, n) (resp. (1, n — 1)) the space is called
Euclidean (resp. Lorentzian).
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Preliminaries

A pseudo-Euclidean vector space is a real vector space of finite
dimension n endowed with a nondegenerate symmetric inner
product of signature (g,n—q) =(—...—,+...4).
When the signature is (0, n) (resp. (1, n — 1)) the space is called
Euclidean (resp. Lorentzian).
Let (V,(, )) be a pseudo-Euclidean vector space of signature
(g,n— q). A vector u € V is called:

Q spacelike if (u, u) >0,

Q timelike if (u,u) < 0 and

@ isotropic if (u,u) = 0.
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Preliminaries

A subspace F of a pseudo-Euclidean vector space (V, (, )) is
called:

© Nondegenerate if F N F+ = {0},
@ degenerate if F N F # {0},
© Isotropic if (u,v) =0 for any u,v € F.
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Preliminaries

A subspace F of a pseudo-Euclidean vector space (V, (, )) is
called:

© Nondegenerate if F N F+ = {0},
@ degenerate if F N F # {0},
© Isotropic if (u,v) =0 for any u,v € F.
Note that we have always dim F + dim F- = dim V.
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Preliminaries

A subspace F of a pseudo-Euclidean vector space (V, (, )) is
called:

© Nondegenerate if F N F+ = {0},
@ degenerate if F N F # {0},
© Isotropic if (u,v) =0 for any u,v € F.

Note that we have always dim F + dim F- = dim V.
If F is isotropic then dim F < min(q,n — q).
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Preliminaries

A subspace F of a pseudo-Euclidean vector space (V, (, )) is
called:

© Nondegenerate if F N F+ = {0},
@ degenerate if F N F # {0},
© Isotropic if (u,v) =0 for any u,v € F.
Note that we have always dim F + dim F- = dim V.

If F is isotropic then dim F < min(q,n — q).
In particular, dim(F N F+) < min(g,n — q).
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Preliminaries

A family (ui, ..., us) of vectors in V is called orthogonal if, for
i,j=1,...,sand i # j, (uj, u;) = 0.
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Preliminaries

A family (ui, ..., us) of vectors in V is called orthogonal if, for
i,j=1,...,sand i # j, (uj, u;) = 0.

An orthonormal basis of V is an orthogonal basis (e, ..., e,) such
that (ej, e;) = £1.
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Preliminaries

A family (ui, ..., us) of vectors in V is called orthogonal if, for
i,j=1,...,sand i # j, (uj, u;) = 0.
An orthonormal basis of V is an orthogonal basis (e, ..., e,) such

that (ej, e;) = £1.

A pseudo-Euclidean basis of V is a basis
(e1,8,...,€q,8q,f1,...,fa_2q) for which the non vanishing
products are (&, e;) = (fj,fi) =1, i€ {l,...,q} and
Jj€{1,...,n—2q}. When V is Lorentzian, we call such a basis
Lorentzian.
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Preliminaries

Let (V,(, )) be Lorentzian vector space and F C V is a vector
subspace. Then either:

© F is nondegenerate Euclidean and F* is nondegenerate
Lorentzian,

@ F is nondegenerate Lorentzian and F= is nondegenerate
Euclidean,

© F is degenerate and dim(F N FL) = 1.
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Preliminaries

A degenerate plan.
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Preliminaries

A degenerate plan.

A Lorentzian plan.
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Preliminaries

A degenerate plan.

A Lorentzian plan.

A Euclidean plan.
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Preliminaries

For any endomorphism F : V — V, we denote by F*: V — V
its adjoint with respect to (, ). The following lemma will be useful
later.
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Preliminaries

For any endomorphism F : V — V, we denote by F*: V — V
its adjoint with respect to (, ). The following lemma will be useful
later.

Lemma
Let (V,(, )) be a Lorentzian vector space, e an isotropic vector

and J a skew-symmetric endomorphism. Then (Je, Je) > 0.
Moreover, (Je, Je) = 0 if and only if Je = «e.
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Preliminaries

For any endomorphism F : V — V, we denote by F*: V — V
its adjoint with respect to (, ). The following lemma will be useful
later.

Lemma

Let (V,(, )) be a Lorentzian vector space, e an isotropic vector
and J a skew-symmetric endomorphism. Then (Je, Je) > 0.
Moreover, (Je, Je) = 0 if and only if Je = «e.

Proof.
We choose an isotropic vector & such that (e, &) =1 and an
orthonormal basis (fi, ..., f,) of {e, &}*+. Since J is

skew-symmetric then

Je:ae—i—zr:a,-f,- and (Je, Je) Za
i=1

]

This completes the proof.

Mohamed Boucetta & Oumaima Tibssirte Einstein Lorentzian Nilpotent Lie groups



Ricci curvature of left invariant pseudo-Riemannian metric

Let (G, g) be a Lie group endowed with a left-invariant
pseudo-Riemannian metric. The study of the curvature of (G, g) is
equivalent to the study of (g = T.G,[, ],(, ) = g(e)).

We refer to (g,[, |, (, )) as a pseudo-Euclidean Lie algebra.
Levi-Civita connection of (G, g) defines a product L: g x g — g
called Levi-Civita product given by Koszul's formula

2(Lyv,w) = ([u,v],w) + ([w, u], v) + ([w,v],u). (1)
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Ricci curvature of left invariant pseudo-Riemannian metric

Let (G, g) be a Lie group endowed with a left-invariant
pseudo-Riemannian metric. The study of the curvature of (G, g) is
equivalent to the study of (g = T.G,[, ],(, ) = g(e)).

We refer to (g,[, |, (, )) as a pseudo-Euclidean Lie algebra.
Levi-Civita connection of (G, g) defines a product L: g x g — g
called Levi-Civita product given by Koszul's formula

2(Lyv,w) = ([u,v],w) + ([w, u], v) + ([w,v],u). (1)

For any u,v € g, L, : ¢ — g is skew-symmetric and

[u,v] =Lyv —Lyu.

We denote by R, : g — g, the right multiplication R,(v) = L, u.
We have L, — R, = ad,,.
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Ricci curvature of left invariant pseudo-Riemannian metric

The curvature of g is given by

K(u,v)w = Ly w — [Ly, Ly]w
= [RWaLu](V)*RWORU(V)jLRUW(V)'
The Ricci curvature ric : g X g — R and its Ricci operator

Ric : g — g are defined by

(Ric(u),v) = ric(u,v)=tr(w — K(u,w)v)
—tr(Rw o Ry) + tr(Ruy)-

Mohamed Boucetta & Oumaima Tibssirte Einstein Lorentzian Nilpotent Lie groups



Ricci curvature of left invariant pseudo-Riemannian metric

We have 1
tr(Ryy) = — ((adpu, v) + (adpyv, u)),

where H is the vector given by (H, u) = tr(ady).
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Ricci curvature of left invariant pseudo-Riemannian metric

We have 1
tr(Ryy) = — ((adpu, v) + (adpyv, u)),

where H is the vector given by (H, u) = tr(ady).
One can deduce easily from (1) that

1 1
R,u = —5 (adu + adu) — EJU,

where J, : g — g is the skew-symmetric the endomorphism given
by Ju(v) = ad}u.
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Ricci curvature of left invariant pseudo-Riemannian metric

Proposition
We have

1 1 1
ric(u,v) = —Etr(adu oad,) — Etr(adu oad}) — Ztr(Ju oJ,)

1 1
—§<adHu, v) — §<ade, uy,

(H,u)y = tr(ad,),
Ju(v) = adi(u). (Jy =0 <= u e g g]b).
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Ricci curvature of left invariant pseudo-Riemannian metric

Proposition
If g is nilpotent then

ric(u,v) = —%tr(adu oad}) — %tr(Ju oJ,)
1 1
= —§<._71(U),V>+Z<._72(U),V>,
1 1
Ric = _§j1 + ij-
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Ricci curvature of left invariant pseudo-Riemannian metric

Proposition
If g is nilpotent then

ric(u,v) = —%tr(adu oad}) — %tr(Ju oJ,)
1 1
= —§<._71(U),V>+Z<._72(U),V>,
1 1
Ric = _§j1+ —J>.

Remark

If (, ) is Euclidean then (J1(u),u) > 0 (resp. (J2(u),u) > 0) and
(J1(u), u) =0 (resp. (J2(u),u) =0) if u e Z(g) (resp.
u€[g.q]")
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Ricci curvature of left invariant pseudo-Riemannian metric

Let (e1,...,ep) be a basis of g. Then, for any u, v € g, the Lie
bracket can be written

p

[u,v] = Z(S,-u, v)ei, (2)

i=1

where S; : g — g are skew-symmetric endomorphisms with
respect to (, ).
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Ricci curvature of left invariant pseudo-Riemannian metric

Let (e1,...,ep) be a basis of g. Then, for any u, v € g, the Lie
bracket can be written

p

[u,v] = Z(S,-u, v)ei, (2)

i=1

where S; : g — g are skew-symmetric endomorphisms with
respect to (, ).

The family (51, ..., Sp) will be called structure endomorphisms
associated to (eq,...,ep).
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Ricci curvature of left invariant pseudo-Riemannian metric

Let (e1,...,ep) be a basis of g. Then, for any u, v € g, the Lie
bracket can be written

p

[u,v] = Z(S,-u, v)ei, (2)

i=1

where S; : g — g are skew-symmetric endomorphisms with
respect to (, ).

The family (51, ..., Sp) will be called structure endomorphisms
associated to (eq,...,ep).

p
We have Z(g) = ﬂ ker S; and for any u € g,
i=1
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Ricci curvature of left invariant pseudo-Riemannian metric

Recall that if g is nilpotent
: 1 o 1
ric(u,v) = —Etr(adu oad}) — Ztr(Ju oJ,)

= —%<j1(u), V> 2 %<j2(u), V>'

Proposition

Let (g,(, )) be a pseudo-Euclidean Lie algebra, (e, ..., ep) a
basis of g and (51, ..., Sp) the corresponding structure
endomorphisms. Then

P P
Ji=— Z (ej,€)SioS; and Jou=— Z (ej, u)tr(Sj o Sj)e;.

ij=1 ij=1
(4)

In particular, trJ1 = trJ>.
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Ricci curvature of left invariant pseudo-Riemannian metric

A pseudo-Euclidean Lie algebra (g,[, ],(, )) is called Einstein if
there exists a A € R such that

Ric = Ald,.

If A =0 then (g,[, |, (, )) is called Ricci flat.
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Ricci curvature of left invariant pseudo-Riemannian metric

A pseudo-Euclidean Lie algebra (g,[, ],(, )) is called Einstein if
there exists a A € R such that

Ric = Ald,.

If A =0 then (g,[, |, (, )) is called Ricci flat.
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Ricci curvature of left invariant pseudo-Riemannian metric

A nilpotent pseudo-Euclidean Lie algebra (g,[, ],(, )) is Einstein
if there exists a A € R such that

1 1
—= —Jo = Aldy.
2j1+4j2 g
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Ricci curvature of left invariant pseudo-Riemannian metric

A nilpotent pseudo-Euclidean Lie algebra (g,[, ],(, )) is Einstein
if there exists a A € R such that

1 1
== —Jo = Aldy.
2j1+4j2 g

This is a very complicated quadratic equation and
we will solve it for dimg < 5.
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Some results on Einstein Lorentzian nilpotent Lie algebras

The following proposition appeared first in the Euclidean context.
Proposition

Let (g,(, )) be a pseudo-Euclidean Lie algebra and let Q denote
the symmetric endomorphism @ = —%jl + %\72. Then for any

orthonormal basis (e, ..., ep) of g and any endomorphism E of g,
we have

28 gj(E([er, ¢]) — [E(ei): ¢] — [eir E(ey)]: e, €]),
(5)

where <e,-, e,-) =€;j.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition

Let (g, (, )) be a pseudo-Euclidean nilpotent Lie algebra having a
derivation with non null trace. Then (g, , )) is Einstein if and
only if it is Ricci flat.

Remark

The Lie algebra of derivations of nilpotent Lie algebras has been
widely studied and computed. It turns out that nilpotent Lie
algebras having a derivation with non null trace are the most
common. For instance, any nilpotent Lie algebra up to dimension 6
has this property.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Let (g,[, ],(, )) be a pseudo-Euclidean Lie algebra. We have

Z(g) C M=ker7y and [g,g]" C N = kerJs.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Let (g,[, ],(, )) be a pseudo-Euclidean Lie algebra. We have
Z(g) C M=ker7y and [g,g]" C N = kerJs.
Since J1 and J> are symmetric

Im7 = M+ C Z(g)* and ImP = N+ C [g,g].
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Some results on Einstein Lorentzian nilpotent Lie algebras

Suppose that (g,[, ], (, )) is nilpotent and Einstein with A # 0,
ie.,

1 1
== —Jo = Ald,.
2\.71"‘ 4\72 g
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Some results on Einstein Lorentzian nilpotent Lie algebras

Suppose that (g,[, ], (, )) is nilpotent and Einstein with A # 0,
ie.,

1 1
== —Jo = Ald,.
2\.71"‘ 4\72 g

This implies
Z(g) C Im7, C [g, g]-
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Some results on Einstein Lorentzian nilpotent Lie algebras

Suppose that (g,[, ], (, )) is nilpotent and Einstein with A # 0,
ie.,

1 1
—= -T2 = Ad,.
2\.71 + 4\72 g
This implies
Z(g) C Im7> C [g, gl
Moreover, M N N = {0}. If dim Z(g) > dim][g, g] then
dim M + dim N > dim Z(g) + dim[g, g]- > dim g

and hence g = M @ N. This contradicts tr(71) = tr(J2).
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition

Let (g,[, ],(, )) be a nilpotent pseudo-Euclidean Lie algebra.
Then

@ If(g.[, ], (,)) is Einstein with A\ # 0 then Z(g) C [g, g

@ /fdim Z(g) > dimlg, g] then (g,[, ],(, )) is Einstein if and
only if it is Ricci flat.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,[, ],(, )) be a nilpotent pseudo-Euclidean Lie algebra.
Then

@ If(g.[, ], (,)) is Einstein with A\ # 0 then Z(g) C [g, g

@ /fdim Z(g) > dimlg, g] then (g,[, ],(, )) is Einstein if and
only if it is Ricci flat.

Corollary

Let (g,[, ],(, )) be a 2-nilpotent pseudo-Euclidean Lie algebra.
Then (g,[, |,(, )) is Einstein if and only if it is Ricci flat.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition

Let (g,(, )) be an Einstein Lorentzian nilpotent non abelian Lie
algebra. If [g, g| is non degenerate then it is Lorentzian.

Proof.

Suppose that [g, g] is nondegenerate Euclidean, choose an
orthonormal basis (ey, ..., eq) of [g,g] and denote by (51,...,S5q4)
the associated structure endomorphisms. We have

1 1
)\Idg - _5\71“’1;72,
d
S = _ZS?)
i=1
d
Jou = —Z(u,e;}tr(S;on)ej.
ij=1
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Since g is nilpotent then dim[g, g]~ > 2 and we can choose a
couple (e, &) of isotropic vectors in [g, g]* such that (e, &) = 1.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Since g is nilpotent then dim[g, g]~ > 2 and we can choose a

couple (e, &) of isotropic vectors in [g, g]* such that (e, &) = 1.
So

d d
1 1 _ - o~
5‘716 = —)e, 5‘716 = —)\é and E (Sie, Sie) = E (S;e, S;é)y = 0.

=1 =1

So, according to Lemma 1.1, for any i € {1,...,d}, Sie = aje and
S;ée = —qjée. Thus
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Let Ki = (Si)|fe,a31- So tr(S?) = 2a? + tr(K?) and tr(K?) < 0.
Now, since tr(J1) = tr(J2), we get

d

d
. 1 1 1
(dimg)A = —2tr(J1) = 3 ;(204,2 +tr(K?)) = A + 2 ;tr(K,-Q).

This shows that A = 0 and tr(K?) = 0 for any i thus S; = 0 which
implies that g is abelian. This is a contradiction which completes
the proof. il
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition

Let (g,(, )) be an Einstein pseudo-Riemannian non abelian
nilpotent Lie algebra of signature (p,q) = (—,...,—,+,...,+). If
Z(g) is nondegenerate then Z(g)* is not Euclidean.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,(, )) be an Einstein pseudo-Riemannian non abelian
nilpotent Lie algebra of signature (p,q) = (—,...,—,+,...,+). If

Z(g) is nondegenerate then Z(g)* is not Euclidean.

Proof.

Suppose that Z(g) is nondegenerate and Z(g)* is Euclidean and
choose a family of vector (e, ..., e,) € Z(g) such that

(ei, ei) = —1. We have g = span{ey,..., ey} @ go, where
go={en,...,ep}t
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,(, )) be an Einstein pseudo-Riemannian non abelian
nilpotent Lie algebra of signature (p,q) = (—,...,—,+,...,+). If

Z(g) is nondegenerate then Z(g)* is not Euclidean.

Proof.

Suppose that Z(g) is nondegenerate and Z(g)* is Euclidean and
choose a family of vector (e, ..., e,) € Z(g) such that

(ei, ei) = —1. We have g = span{ey,..., ey} @ go, where
go={en,...,ep}t

For any u, v € go, put

p

[u,v] = Z(K,-u, vyei + [u, v]o,

i=1

where K; : go — go are skew-symmetric and [u, v]o € go.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,(, )) be an Einstein pseudo-Riemannian non abelian
nilpotent Lie algebra of signature (p,q) = (—,...,—,+,...,+). If

Z(g) is nondegenerate then Z(g)* is not Euclidean.

Proof.

Suppose that Z(g) is nondegenerate and Z(g)* is Euclidean and
choose a family of vector (e, ..., e,) € Z(g) such that

(ei, ei) = —1. We have g = span{ey,..., ey} @ go, where
go={en,...,ep}t

For any u, v € go, put

p
[u,v] = (Kiu, v)e; + [u, Vo,
i=1
where K; : go — go are skew-symmetric and [u, v]o € go. O
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
It is obvious that (go, [, Jo,(, )) is an Euclidean nilpotent Lie
algebra.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.

It is obvious that (go, [, Jo,(, )) is an Euclidean nilpotent Lie
algebra.

We claim that if (g, (, )) is Einstein then A = +tr(K?), for
i=1,...,p

1 p
Ric( ), = Aldg, + 5 > K7
i=1

Einstein Lorentzian Nilpotent Lie groups
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.

It is obvious that (go, [, Jo,(, )) is an Euclidean nilpotent Lie
algebra.

We claim that if (g, (, )) is Einstein then A = +tr(K?), for
i=1,...,p

1 p
Ric( ), = Aldg, + 5 > K7
i=1

This implies that the Ricci curvature of (go, (, )) is nonpositive.
But a non abelian nilpotent Euclidean Lie algebra has always a
Ricci negative direction and Ricci positive direction. So the only
possibility is the K; = 0 and gg is abelian. We get a contradiction

which completes the proof. O
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Some results on Einstein Lorentzian nilpotent Lie algebras

Corollary

Let (g,(, )) be an Einstein Lorentzian non abelian nilpotent Lie
algebra. If Z(g) is nondegenerate then it is Euclidean.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Corollary
Let (g,(, )) be an Einstein Lorentzian non abelian nilpotent Lie
algebra. If Z(g) is nondegenerate then it is Euclidean.

Corollary
Let g be an Einstein Lorentzian non abelian 2-step nilpotent Lie
algebra. Then Z(g) is degenerate.

Proof.

Suppose that Z(g) is nondegenerate. According to Proposition
3.5, Z(g) is nondegenerate Euclidean. But g is 2-step nilpotent
and hence [g,g] C Z(g). Thus [g, g] is nondegenerate Euclidean
which contradicts Proposition 3.4. ]
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,(, )) be an Einstein Lorentzian nilpotent Lie algebra such
that [g, g] is degenerate then [g,g] N [g,8]" C Z(g) and A = 0.
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proposition
Let (g,(, )) be an Einstein Lorentzian nilpotent Lie algebra such
that [g, g] is degenerate then [g,g] N [g,8]" C Z(g) and A = 0.

Proof.

Let (e,&,f,...,fq4,81,...,8s) be a Lorentzian basis of g such that
(e, f1,...,fy) is a basis of [g,g], (e,&1,...,8s) is a basis of [g,a]".
Denote by (A, S1,...,Sy) the associated structure endomorphisms,
i.e., forany u,v € g,

d

[u,v] = (Au,v)e + Z(S,-u, v)f;.
i=1

We have

d
1 1
—5J+ 7B =Ndg and Ji = > st
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Since e € [g, g]L and isotropic, we have Joe = 0, —%Jle = Je,

and hence Z _1(Sje, Sje) = 0. We get Sje = aje for any
j=1...,d and hence

1 &
i=1
On the other hand, since tr(J1) = tr(J2), we get

(dimg)\ = —ftr () = Ztr 52
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Or
tr(5j2) = <sze7 &) + <5j26’ e) + Z<512fl’ fi) + Z<5j2gl’gl>
/ /
= 222 =Y (56,56 =D (Sien, Sig)-
I /
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.
Or
w(SP) = (SPe,d)+(SPEe) + D (SP ) + D (SPera)
/ /
= 227 — Z<5jfl; Sifi) — Z(Sng,Sng-
| I
Thus

(dimg — 1A == (Sifi, Sif)) = > (Sjan, Sign)-
1.j 1j
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Some results on Einstein Lorentzian nilpotent Lie algebras

Proof.

Since S; leaves invariant e, it leaves invariant its orthogonal
span{e, f;, gk} and hence (S;f;, Sjf;) > 0 and (S;g/, Sjgi) > 0. So
A =0, Sj(e) =0. Thus, for any u € g, [e, u] = (A(e), u)e. But ad,
is nilpotent an hence [e, u] = 0 which completes the proof. 0J
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

Consider (V, (, )o) an Euclidean vector space, b € V,

K,D :V — V two endomorphisms of V such that K is
skew-symmetric. We endow the vector space g = Re @ V @ Ré
with the inner product (, ) which extends (, )o, for which
span{e, €} and V are orthogonal, (e,e) = (é,€) =0 and

(e, &) = 1. We define also on g the bracket

[év e] = pe,
[&, u] = D(u) + (b, u)oe, (6)
[u,v] = (K(u),v)oe, u,veEV.
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

Theorem

(1) (g,[,]) is a Lie algebra if and only if KD + D*K = uK.

(i) If the condition in (i) is satisfied then (g, (, ),[, ]) is an
Einstein Lorentzian Lie algebra if and only if

4u(p + tr(D)) = tr(K?) + 2tr(D?) + 2tr(DD¥).
In this case it is Ricci flat.

A data (K, D, u, b) satisfying the conditions in Theorem 4.1 are
called admissible.
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

Theorem

Let (g,(, )) be an Einstein nilpotent non abelian Lorentzian Lie
algebra and suppose that there exists e € Z(g) a central isotropic
vector and denote T = Re. Then:

© Z(g) is degenerate and \ = 0.

@ I+ isan ideal and go = Z/T is an Euclidean abelian Lie
algebra.

© g is obtained from gg by the double extension process with
admissible data (K, D, 0, b) and D is nilpotent.
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

If (g,[, ], (, )) is a Lorentzian Einstein nilpotent Lie algebra with
generate center then g is Ricci flat and it is isomorphic to

Red V @ Re

with the non vanishing Lie brackets are given by

{ [, u] = D(u) + (b, u)oe, @)
[u,v] = (K(u),v)oe, wu,veEV.

K is skew-symmetric and

KD+ D*K =0, DMV =0 and tr(K?) = —2tr(D*D).
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Theorem
Let (G, g) be an Einstein Lorentzian nilpotent Lie group of
dimension < 5. Then the center of g is degenerate.
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

Lie Algebra Lie brackets Non Trace-free Derivation

L3, le1, e2] = &3 el@e +e® e

Lao le1, &] = e3 el®e +te @ ez

La3 le1, 2] = €3, [e1,e3] = g 28 Qe —el Qe te Des

Ls.2 [e1, e2] = e3 el Qe+ ® e

Ls.3 ler, ] =e3 [e1,e3] = es 28 R —e Qe te e

Ls.4 [e1, &) = &5, [e3,ea] = e5 el@etee®este Res

Lss [e1,e2] = e3, [e1, e3] = eq, [e2, ] = &5 SR +2°Ver+2° Qes — e @ e
Ls.6 ler, e2] = e3, [e1, e3] = eq, [er, ea] = &5, [, e3] =e5 | el @ ep +2e° R ex +3e° R ez +4e’ D es +5€° @ es
Ls.7 le1, e] = e3. [e1,e3] = e, [e1, ea] = &5 Qe —2°Qe—e Qeste @ es
Ls.g ler, &) = es [e1, e3] = &5 Qe —?Qeat+e Qe

Ls.o [e1, &2] = e3, [e1, €3] = &4, [e2, €3] = &5 2el Qe — @y teS@es+3e" Qe

Table of nilpotent Lie algebras of dimension < 5 with non null trace derivation
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

Theorem
Let (g,[, ],(, )) be a Ricci-flat nilpotent Lie algebra of dimension

<5. Then

© /fdimg = 3 then g is isomorphic to L3, with the metric
(, )32 =ae1© e+ e ® e with a > 0. This metric is actually flat.

@ Ifdimg = 4 then g is isomorphic to Ls» with the metric
(, ao=ae10ast+ea@Rata®@a+be0ea, a#0,|b <1,
or to La3 with the metric

(, Va3 = ei@e1+aeiOer+(a°+b*)ea®@e+cade+eadeteaRes, a, b e R,

€ = £1. The metric , )ap2 is flat and (, )a3 is flat if and only ife = —1.
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

If dimg =5 then g is isomorphic to one of the following Lie
algebras:

(a) Ls with the metric
ceOastalRatal@e+ea®e + ber® e+ cer® e + beey © es,
a#0,|b| < 1,|c| < 1. This metric is flat.

(b) Ls,s with the metric

aRetaaOea—yx a0ea+(b—ayx Nadea+(ad+b)eade
+V/X+yeces+(1l+(x V)aeat+ace
(x#0,a,b,y € R).

(¢) Ls,o with the the metric

(@+b)aea+(b-—ayx NaOetaOea+ey/x2+y?+leQes
I+ Neee -y 'edata® e+ ad e,
(x #0,a,b,y €R).
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Einstein Lorentzian nilpotent Lie algebras with degenerate cente

(d) Ls,3 with the metric

e@etaeOe+t(d+bh)eoetbodeteyxt+leade
+1+x)es®e—xes O es + e D es, (x,a,b€R).

(e) Lss with the metric
(@+b)aat+ay la0at+y(b—axy)aOea+ /X2t ylea Oes
1 e®e —x Yoo +x 7 la®ea+7 (14 (x ) e ® e,

(x #£0,7#0,a, b,y € R)
or

aQetbaOet(dd+th)eeataedatey/x2+ledes
1+xNas@a+xve0a+ya®ea, (y#0x,abeR).

(f) Ls,6 with the metric
(@+b)ea@e+ (b+ax"y)e © e+ paer @ es +ep’ /X2 + y: +let ©
+1+x e e +ux v 0 e+ e @ e + puixle @ e,
uw#0,v#0,x#0,a b,y € R.
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