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Motivation

• Hyperrogue games : This game is developed on a
non-Euclidean space. Namely, the Poincaré disk model.
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Motivation
• Shape Morphing (or shape blending) is a special

effect in motion pictures and animations that changes (or
morphs) one shape into another through a continuous
transition.

• Morphing has wide practical use in areas such as computer
graphics, animation and modeling.
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• The blending between two closed curves plays an
important role in the area of generation of animation .

• Morphing on surfaces is another concept of morphing.
The source and target closed curves are given on the
surface and the intermediate curves must

1 stay on the surface,
2 be closed.

In this talk, we deal with morphing of closed curves on
Poincaré disk model, and we will answer to these requirements.
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• A closed C2-curve γ can be approximate by an inscribed
polygon P .

• and the geodesic curvature of σ at a vertex p can be
approximate by the discrete geodesic curvature of P at p :
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κ(p) = limz1,z2→p
z1,z2∈C

2 δ

d(z1, p) + d(p, z2) .

So in practice we manipulate polygons (or discrete curves)
instead of curves.
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Related work : planar and spherical
morphing closed curves

Planar case
• Exterior angles-based blending method :

[Sederberg& Gao& Wang & Mu; 1993] .

• Curvature-based blending method :
• [Surazhsky & Elber ; 2002] .
• [Saba & Schneider & Hormann & Scateni ; 2014]

• Curvature flow-based blending method :
• [Crane & Pinkall & Schröder ; 2013]
• [Hirano & Watanabe & Ishikawa; 2017].

Spherical case
• [Ikemakhen & Bellaihou & Ahanchaou; 2021]
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The Poincaré disc model
The Poincaré disc is the open unit disc D = {z ∈ C | | z |< 1},
where

• Boundary is represented by the circle at infinity.

• Riemannian metric :

g = 4 | dz |2

(1− | z |2)2

• Geodesics : line segments through the origin and the circular
arcs that intersect the boundary orthogonally.

8 / 37



Morphing of
Hyperbolic

Closed Curves

T.
Ahanchaou A.

Ikemakhen,

Motivation

Related Work

The Poincaré
disc model

Closing
condition for a
hyperbolic
polygon

Algorithm

Results

Conclusion

The Poincaré disc model
The Poincaré disc is the open unit disc D = {z ∈ C | | z |< 1},
where

• Boundary is represented by the circle at infinity.
• Riemannian metric :

g = 4 | dz |2

(1− | z |2)2

• Geodesics : line segments through the origin and the circular
arcs that intersect the boundary orthogonally.

8 / 37



Morphing of
Hyperbolic

Closed Curves

T.
Ahanchaou A.

Ikemakhen,

Motivation

Related Work

The Poincaré
disc model

Closing
condition for a
hyperbolic
polygon

Algorithm

Results

Conclusion

The Poincaré disc model
The Poincaré disc is the open unit disc D = {z ∈ C | | z |< 1},
where

• Boundary is represented by the circle at infinity.
• Riemannian metric :

g = 4 | dz |2

(1− | z |2)2

• Geodesics : line segments through the origin and the circular
arcs that intersect the boundary orthogonally.

8 / 37



Morphing of
Hyperbolic

Closed Curves

T.
Ahanchaou A.

Ikemakhen,

Motivation

Related Work

The Poincaré
disc model

Closing
condition for a
hyperbolic
polygon

Algorithm

Results

Conclusion

• Hyperbolic distance :

cosh (d (z1, z2)) = 1 + | z1 − z2 |2

(1− | z1 |2)(1− | z2 |2) .

• α + β + θ = π − area .
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Mobïus Transformations

SU(1, 1) :=
{(

a b
b̄ ā

)
| a, b ∈ C | aā − bb̄ = 1

}
.

The Mobius group PSU(1, 1) := SU(1, 1)/ ± I acts transitively
on the Poincaré disc D :

ρ : PSU(1, 1) × D → D,((
a b
b̄ ā

)
, z
)

7→ az + b̄
b̄z + ā

.
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Translations and Rotations

• The rotation around the origin O by angle θ :

R(θ) :=
(

e iθ
2 0

0 e
−iθ

2

)
.

• The translation of length d along the geodesic that sends
-1 to 1 is

L(d) :=
(

cosh(d
2 ) sinh(d

2 )
sinh(d

2 ) cosh(d
2 )

)
.
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Hyperbolic Polygon
• A hyperbolic polygon P = [z0, ..., zn] ∈ D : edges are pieces
of geodesics. • The intrinsic parameters of P at any vertex zk
are :

• Geodesic edge length : dk := d(zk , zk+1),
• Exterior angle : δk

• Discrete geodesic curvature : κg(zk) := 2 δk
dk−1 + dk
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Fundamental Question : What is the Closure conditions of a
hyperbolic polygon in terms of its intrinsic parameters ?
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Planar Case. P = [z0, ..., zn] is a closed polygon

iff
n∑

i=0
e⃗i = 0⃗ iff



n∑
i=0

ei sin
( i∑

k=0
δk
)

= 0,

n∑
i=0

ei cos
( i∑

k=0
δk
)

= 0.
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Closing condition for a Hyperbolic
Triangle

Let Π = [z0 = z3, z1, z2, z3] be a closed hyperbolic triangle with
hyperbolic sides d0, d1, d2 and exterior angles δ0, δ1, δ2. A
hyperbolic triangle T = [z0, z1, z2] is closed iff

R(δ0)L(d0)R(δ1)L(d1)R(δ2)L(d2) = ±I,

• R(δ0) is the rotation with angle δ0 etc...
• L(d0) is the translation along the geodesic (z0, z1) etc...
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Closing condition for a Hyperbolic
Polygon

P = [z0, ..., zn] is a closed hyperbolic polygon iff

R(δ0)L(d0)R(δ1)L(d1) · · · R(δn−2)L(dn−2)R(δn−1)L(dn−1) = ±Id .

iff 
| tr(S) | = 2,
det(S) = 1,
s2s2 = 0.

Where

S := R(δ0)L(d0)R(δ1)L(d1) · · · R(δn−2)L(dn−2)R(δn−1)L(dn−1).
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Algorithm : Exterior-angle
blending

Let given P0 = [z0
0 , ..., z0

n−1] and P1 = [z1
0 , ..., z1

n−1] two closed
hyperbolic polygons. For t ∈ [0, 1], we compute

• the geodesic edge lengths :
d t

k = (1 − t)d0
k + td1

k .

• the exterior angles :
δt

k = (1 − t)δ0
k + tδ1

k .
• αt := (1 − t) α0 + t α1 ⇒ T t

0
• We construct the point z t

0
and the geodesic ct

0,
• By induction, we construct

the other geodesic edges ct
k .
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Construction process of
intermediate curve
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Algorithm2 : Curvature blending

1 Interpolation of the geodesic edge lengths by :
d t

k = (1 − t)d0
i + td1

k .

2 Interpolation of the discrete geodesic curvatures :
κt

k = (1 − t)κ0
k + tκ1

k .
3 Recovery of exterior angles δt

k from the κt
k

4 By induction, we construct the edge geodesics ct
k .
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Result without closing condition
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Closing process

For that, we will change the exterior angles δt
k in the smallest

possible way to close the intermediate polygon Pt .
This means we seek ϵ0, ...ϵn−1 such that the polygon P̄t , with
hyperbolic side lengths d t

k and exterior angles δ̄t
k := δt

k + ϵk will
be closed and the norm ∥ κ̄t − κt ∥2 will be minimized.
Where κt (resp. κ̄t) denotes the vector of components κt

k

(resp. κ̄t
k := 2δ̄t

k
d t

k−1 + d t
k

), and ∥ . ∥ is the Euclidean norm in

Rn. In order to solve this,
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We minimize the following problem :

min
(ϵ0,...ϵn−1)∈Rn

n−1∑
k=0

∣∣∣∣∣∣∣
4ϵ2

k(
d t

k−1 + d t
k

)2

∣∣∣∣∣∣∣ . (1)

Subject to : 
| tr(S) | = 2,
det(S) = 1,
s2s2 = 0.

(2)

where

S :=
n−1∏
k=0

R(δn−1−k + ϵn−1−k)L(dn−1−k),

This will ensure the closure of the hyperbolic polygon P̄t .
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