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Characterization of k-para-Kahler Lie algebras

Definition 1.1

Let g be a n(k + 1)-dimensional Lie algebra over K (K = Ror C), 6", ..., 6
2-forms of A*(g) and b a Lie subalgebra of g of codimension n. We recall
that (6", ..., 0. b) is a k-symplectic structure on g if the following conditions
are satisfied:
(i) The family (6", . ..,6%) is nondegenerate, i.e., (_, ker ' = {0},
(ii) fori=1,...,k, 0'isclosed, i.e.,
40/ (u,v, ) = 0'([u, V], w) + 01([v, W], u) + 6([w, u,v) = o,
(i) b is totally isotropic with respect to (6", . .., %), i.e., 6(u,v) = o for
anyu,v € handfori=1,... k.
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Characterization of k-para-Kahler Lie algebras

(9,h,0",...,0% is called a k-symplectic Lie algebra. J
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Characterization of k-para-Kahler Lie algebras

Let (g, b, 6", ..., 6) be a k-symplectic Lie algebra where g is a

n(k + 1)-dimensional Lie algebra and § be a Lie subalgebra of g of
dimension nk.

There exists always an isotropic supplementary p of ) of dimension n (i.e.,
0% |,=oforanyaw=1,...,k)suchthatg=bh & p.

In general there is not an isotropic Lie subalgebra supplementry p of .
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Characterization of k-para-Kahler Lie algebras

Definition 1.2

Let (g,h,0", ..., 6%) be a k-symplectic Lie algebra. If b admits an isotropic
supplementary p such that p is a Lie subalgebra of g, then (g, b,6", ..., 6%)
is a k-para-Kabhler Lie algebra.
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Characterization of k-para-Kahler Lie algebras

Example 1

Let (g,b,0") be a 1-symplectic Lie algebra of dimension 2n (k = 1) where b is
a Lie subalgebra of g of dimension n, then b is lagrangian.

Suppose that hy admits an isotropic Lie subalgebra supplementary p of
dimension n, that is, p is lagrangian. Hence (g, b, 0") is a para-Kahler Lie
algebra.
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Characterization of k-para-Kahler Lie algebras

Definition 1.3
A left symmetric algebra is an algebra (A, e) such that for any a, b, c € A,

ass(a,b,c) = ass(b,a,c) where ass(a,b,c)=(aeb)ec—ae(bec).
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Characterization of k-para-Kahler Lie algebras

Let (g, b, p, 0°) be a k-para-Kaheler Lie algebra for any o =1, ... , k.

1. g = b @ p, then for any p € p and any h € b the Lie bracket [p, h] can
be written

[p, h] = —[h, p] = &y (h) — ¢ (p); (1)
where ¢,(h) € b and ¢n(p) € p.

Aitbrik llham | On k-para-Kéhler Lie algebras a subclass of k-symplectic Lie algebras



Characterization of k-para-Kahler Lie algebras

2. h=ak_h> where, h = ) ker6P.
B#a
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Characterization of k-para-Kahler Lie algebras

2. b= @X_h* where, h® = [ ker6°.
BFo
3. b has a structure of left symmetric algebra such that h e h¢ C h*
where, the left symmetric product e on b is given by

0% (hy @ hy, p) = —0%(ha, [hy, p]), ()

forany h,,h, € b, foranyp € g
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4. iy 1 hY — p* given by

The linear map i, is an isomorphism.
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4. iy 1 hY — p* given by

The linear map i, is an isomorphism.
5. Afamily of products %, g on p, given by

0“(p *a,5 a,h) = —0°(a, [p, h]). (3)
Where, for any a, 5 € {1,...,k} with a # /3 and for any p,, p, € p,

(01, P2] = P *a,a P2 = P2 *a,a P1s P11 %a,8 P2 = P2 *a,8 Pi-
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Characterization of k-para-Kahler Lie algebras

6. Afamily of products e, g on p* given by
aeasb=is(iy'(a) eiz'(b)). (4)

where , for any o, 8,7, ®o3 = .~ and if we denote o3 = o, we have, for
anya,b,c € p*,

ae, (besgc)—(ae,b)egc=beg(ae,c)—(bega)e,c. (5)
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Characterization of k-para-Kahler Lie algebras

We consider ®(p, k) = p @ (p*)k
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We consider ®(p, k) = p @ (p*)k
1. We endow (p*) with the product o given by

k k
(@ a ) o (b, ... b) = (Zaa o by, Y dn e bk>. (6)
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We consider ®(p, k) = p @ (p*)k
1. We endow (p*) with the product o given by

k k
(@ a ) o (b, ... b) = (Zaa o by, Y dn e bk>. (6)

2. We define ¢ : (p*)* @ p* — p*and ¢ : p ® p¥ — pk by

k

¥(a, (o1, - 0k)) = Ya(p1y - - -, Pk) = ZL“”pa,...,L;f’kpa).

a=1
(7)
where L2 : p* — p*, b ae, band L3’ :p — p, p — G %03 P,
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Characterization of k-para-Kahler Lie algebras

3. We endow ®(p, k) with the bracket

[a,b]l, =aob—boa, ifa,be (p*)
[p,dln = [p,a], ifp,qe€p (8)
[a.p]n = ¢5(p) —¥ya, ifae(p),pep

where

< b,¢z(p) == — < ¢ab,p - and
_<w;a7(p1a"'7pk) —-= _<aa¢p(p1a"'apk) = o
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Characterization of k-para-Kahler Lie algebras

3. We endow ®(p, k) with the bracket

[a,b]l, =aob—boa, ifa,be (p*)
[p,al, = [p,a], ifp,gecyp (8)
[a.p]n = ¢5(p) —¥ya, ifae(p),pep

where
=< b,¢5(p) == — < Pab,p = and

_<w;a7(p1a"'7pk) —-= _<aa¢p(p1a"'apk) = o

4. We define a family of 2-forms p®, « =1,... k by

p“(p+(ar,...,ak),a+ (by,...,bx)) =< d0,q = — < ba,p = . (9)
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Characterization of k-para-Kahler Lie algebras

Theorem 1.1

(O(p, k), [, Ins (0¥)5, 0", ..., p¥) is a k-para-Kahler Lie algebra and
F:g— ®(p,k), (i +...+he+p)— (p,ir(hi), ..., ik(h)) is an
isomorphism of k-para-Kdahler Lie algebras.
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Characterization of k-para-Kahler Lie algebras

Definition 1.4
A k-left symmetric algebra is a real vector space A endowed with k left
symmetric products e,, . . ., e, such that one of the following equivalent

assertions hold:
1. Forany o, 3 € {1,...,k} and forany a,b,c € A,

ae, (besc)—(ae,b)egc=Dbeg(ae,c)—(beza)e,c. (10)

2. (AKX, o) is a left symmetric algebra where o is given by

k k
(ar,...,ak) o (by,...,bx) = <Zaa o, b17...7Zaa o, bk> . (1)
a=1 a=1
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Characterization of k-para-Kahler Lie algebras

Definition 1.5

A (k x k)-left symmetric algebra is a vector space 1B endowed with a
k x k-matrix (xo.8)1<a.p<k Of products such that:

1. Forany «, 8 and for any p,q € B,

P*a,0d—q%a,aP=P*330d—d*ssP=[p,4a|.

2. *q,p dre commutative when o # f3,
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Characterization of k-para-Kahler Lie algebras

Example 2

1. The notions of 1-left symmetric algebra and (1 x 1)-left symmetric
algebra are the same and correspond to the classical notion of left
symmetric algebra.
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Characterization of k-para-Kahler Lie algebras

Example 2

1. The notions of 1-left symmetric algebra and (1 x 1)-left symmetric
algebra are the same and correspond to the classical notion of left
symmetric algebra.

2. Let (A, o) be a left symmetric algebra. For any k > 1, endow A with
the k-left symmetric structure given by e, = 1, ®, where i, € R. Then
(A, ey, ..., e)is ak-left symmetric algebra.
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Characterization of k-para-Kahler Lie algebras

Example 2

1. The notions of 1-left symmetric algebra and (1 x 1)-left symmetric
algebra are the same and correspond to the classical notion of left
symmetric algebra.

2. Let (A, o) be a left symmetric algebra. For any k > 1, endow A with
the k-left symmetric structure given by e, = 1, ®, where i, € R. Then
(A, ey, ..., e)is ak-left symmetric algebra.

3. If ey, ..., e are left symmetric products on B3 such that
ae,b—be,a=aezb—begaforanya, s then (B, (*a,g)1<a<s<k)
is (k x k)-left symmetric algebra where x,, 3 = o if « # 3 and

*a,a = O
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Characterization of k-para-Kahler Lie algebras

Let study the converse.
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Characterization of k-para-Kahler Lie algebras

Let study the converse.
We consider:

1. A vector space p of dimension n.

2. Ak-left symmetric structure (e, ..., o) on p*. This defines a left
symmetric product o on (p*)k and hence a Lie algebra structure on
(p*)*

[a,b] =aob—boa

3. A (k x k)-left symmetric structure %, g on p. This defines a Lie algebra
structure on p by

[0,dly =P *a,0d—d*aaq-
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Characterization of k-para-Kahler Lie algebras

We consider ¢(p, k) = p @ (p*)~.
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Characterization of k-para-Kahler Lie algebras

We consider ¢(p, k) = p @ (p*)~.
We define on ¢(p, k):

1. The bracket

[avb] = gob—boa, [D, q] - [p,q]p and [a>p] = ¢Z(P)—¢;G, a,be (p*)k
(12)

2. The family (o', ..., p¥) of 2-forms given by

pa(p+(a13"'7ak),q+(bh"‘abk)) == GQ,QF - '<bozvp> °
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Characterization of k-para-Kahler Lie algebras

We denote by ¢7 : p — pk@pand ¥ : (p*) — (p*) @ (p*)* the dual of
é:(p*)@p* — prandyp: ppk — p.

Aitbrik llham | On k-para-Kéhler Lie algebras a subclass of k-symplectic Lie algebras



Characterization of k-para-Kahler Lie algebras

We denote by ¢7 : p — pk@pand ¥ : (p*) — (p*) @ (p*)* the dual of
é:(p*)@p* — prandyp: ppk — p.

Question: Under which condition the bracket given in (12) is a Lie bracket? )
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Characterization of k-para-Kahler Lie algebras

Theorem 1.2

(®(p,k),[, 1) is a Lie algebra if and only if

1. ¢T :p — p* ® pis a 1-cocycle of (p, [, ]p) and the representation
Y ® ad, i.e.,

¢'(lp.aly)((ar,- - ak),b) = "(p)((a,. -, ax),adzb)
+¢"(p)(¥; (a1, ..., a),b)
—¢'(a)((ay, ..., ax),ad;b)
—¢T(q)(z/1 (ar, ..., ax),b).

2. T 1 (p*)k — (p*) @ (p*)¥is a 1-cocycle of ((p*)*, [, ]) and the
representation ¢ @ ad and [ , | is given by [a,b] =aob —boa,ie.,
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Characterization of k-para-Kahler Lie algebras

¢ ([a, b)), (@, - - a)) = ¢7(a)(p,ady(a,- -, ak))
+¢7(a)(¢pp; (a1, - -, k)

47(b)(p,ad (@, - a))

YT (b)(B3p, (G, - - -, AK))-

In this case (®(p, k), [, ], (0*)%, 0", ..., p¥) is a k-para-Kahler Lie algebra.
Moreover, all k-para-Kahler Lie algebras are obtained in this way.
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Characterization of k-para-Kahler Lie algebras

Definition 1.6

A (k x k)-left symmetric algebra structure on p and a k-left symmetric
algebra structure on p* are called compatible if they satisfy the conditions
of the previous Theorem.
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Characterization of k-para-Kahler Lie algebras

Example 3
1. Any k-left symmetric algebra structure on p* is compatible with the
trivial (k x k)-left symmetric algebra structure on p.

2. Any (k x k)-left symmetric algebra structure on p is compatible with
the trivial k-left symmetric algebra structure on p*.
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Characterization of k-para-Kahler Lie algebras

Conclusion

k-para-Kahler Lie algebras are obtained by:
1. A vector space p of dimension n.
2. Ak-left symmetric structure (e, ..., o) on p*.
3. A (k x k)-left symmetric structure %, 3 on p.
4. and the 2 structures are compatible. )
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Characterization of k-para-Kahler Lie algebras @
Z

Proposition 1.1

Let (A, .) be a commutative associative algebra and (D, . . ., Dy) the
derivations of (A, .) which commute. Then for any & = 1, .. . k, the products

ae,b=aD,b

are left symmetric and define a k-left symmetric structure on A.
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Characterization of k-para-Kahler Lie algebras

Example 4

We consider R* endowed with the associative commutative product
€1.8; = €y, 1.8, = €,.6; = €,, €1.83 = €3.6; = €3, €,.8, = €,.6; = €,.

We consider the two derivations

O 0O O O O 0O 0 O

O 1 O O O O a b
D, = and D, =

O 0O 1 O O 0O O ¢

O 0O O 1 O 0O 0 O

These two derivations commute and, according to the previous Proposition ,
they define a 2-left symplectic structure on R* by

e,e, e =¢;,i=23,4, e e,e;=ae, and e, e,e, =be,+ ce;.
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Exact k-para-Kahler Lie algebras

We consider :
1. A k-left symmetric structure (e,, ..., o) on p*.

2. 1 = §(r) is a coboundary, i.e., forr € p* @ (p*)¥ ¢ : p @ (p)k — pkis
given by

< a,p(p,u) == —r(pip,u) —r(p,adiu), pep,ucpac(p)k
(13)
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Exact k-para-Kahler Lie algebras

We consider :
1. A k-left symmetric structure (e,, ..., o) on p*.

2. 1 = §(r) is a coboundary, i.e., forr € p* @ (p*)¥ ¢ : p @ (p)k — pkis
given by

< a,9(p,u) == —r(¢;p,u) —r(p,ad;u), pEp,ucpac(p)
(13)
We definery : p — (p*)¥ by < rg(p),u == r(p,u)
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Exact k-para-Kahler Lie algebras

Problem: Under which condition ¢ defines a k x k-left symmetric structure
on p compatible with the k-left symmetric structure on p*. J
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Exact k-para-Kahler Lie algebras

Theorem 2.1

Let p be a vector space of dimension n such that p* is endowed with a k-left
symmetric algebra structure (e,, . .., o) and

r=(s;+a,...,sc+a) € p* @ (p*)* such that, for any a # 3 and for any
pE P,

L3(ag) =0 and L7(a,) = Lﬁf(ag) =:L(a)(p, -, -)-

Then 1) given by (13) defines a (k x k)-left symmetric structure on p
compatible with the k-left symmetric structure of (p* )k if and only if, for any
ae (p*)andp,qep,

[a, A(r)(p, a)l+La(A(r))(p,a) = 0,  A(r)(p,a) = r4([p, alp)—[r4(p), r(q)]

and, forany a € (p*)X, p € p*, p,q € p,

L(a)(Lap,p,q) + L(a)(p, Lzp, a) + L(a)(p, p,L;q) = O.
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Exact k-para-Kahler Lie algebras

Corollary 2.1

Letr = (sy,...,sk) be a family of symmetric elements of p* @ p*. Then v
defines a (k x k)-left symmetric structure on p compatible with the k-left
symmetric structure of (p*)¥ if and only if, for any a € (p*)* and p,q € p,

[a, A(r)(p, @)]+La(A(r))(p, ) = 0, A(r)(p, q) = ru([p. dlp)—[r4(p), r4(a)
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Exact k-para-Kahler Lie algebras

Definition 2.1

Letr = (r,...,r*) be a family of symmetric elements of A ® A where A
has a structure of k-left symmetric algebra (e, . .., ). We call r a Sy-matrix

if A(r) = o where A(r)(p,a) = rx([p,aly) — [rx(p), rx(a)], i.e., forany
a=1,...,k p,qge A*,

k
5 (0p.al) = Y [ (p) o5 ¥ (a) —ri(@) o5 15(p)]

where
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Exact k-para-Kahler Lie algebras

Example 5

1. Let (A, o) be a left symmetric algebra and r € A ® A be a classical
S-matrix, i.e., r satisfies

r (L, — Liy)a) = F4(p) o r(a) — r(a) o r(p),

forany p,q € A* (see [6, 9]). For any k > 1, endow A with the k-left

symmetric structure given by e, = ji,e, where ji, € R. Then

r“ = (r,...,r)is a Sy-matrix.

2. Consider the 2-left symmetric on R* given in the previous Example ,
then one can check by a direct computation that

il 2]
I =1y ,8,008,+r 26,08,+r, 8,0e, and 1 = s, ,e,0e,+5; ,e,0e,

constitute a S,-matrix on R* (® is the symmetric product).
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k-symplectic Lie algebras of dimension (k + 1)

Let (g, b, 0", ..., 6%) be a k-symplectic Lie algebra of dimension (k -+ 1).
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k-symplectic Lie algebras of dimension (k + 1)

Let (g, b, 0", ..., 6%) be a k-symplectic Lie algebra of dimension (k -+ 1).
Then the dimbh = k, dimh® =1 and dimp* = 1.
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k-symplectic Lie algebras of dimension (k + 1)

Let (g, b, 0", ..., 6%) be a k-symplectic Lie algebra of dimension (k -+ 1).
Thenthedimh =k, dmh* =1 and dimp* =1.

Theorem 3.1
Let (g, b, 0", 6%) be a 2-symplectic Lie algebra of dimension 3. Then one of
the following situations holds:
1. b is an abelian ideal and there exists a basis (e, f, g) of g and D an
endomorphism of b such that [h,e] = D(h) forany h € b, 0" = e* A f*
and 6> = e* A g*.
2. (g,bh,0",6%) is isomorphic to (sl(2,R), o, p', p*) with
ho = span{h, g}, p' = h* Af* + bg* Af* and p*> = g* A f*.
3. (g,h,0",6%) is isomorphic to (sol, ho, p', p*) with ho = span{u,, u,},
p' = ui Auj +buy Aujand p? = cui Auj +ul Auj.
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k-symplectic Lie algebras of dimension (k + 1) »
)2

Theorem 3.2

Let (g, b, 0", ..., 0%) be a k-symplectic Lie algebra such that dim b = k > 3.
Then one of the following situation holds:

1. b is an abelian ideal and there exists a basis (e, fy, . . . ,fx) of g and an
endomorphism D of b such that b = span{f;, ..., fx}, [e,h] = D(h) for
anyh € hand, foraa=1,....k 0% =f; Ne*

2. There exists (fy, . . . , fx, €) a basis of g, a family of constants
(a,...,a¢) € RK, a, # o, (by,...,bx) € R*"and X € R such that
h = span{fi, ..., fk},

k
91=fj‘/\e*—Za;ff/\e* and 0 =a,f Ne*,i=2,... .k

I=2]

and the non vanishing Lie brackets are given by

k
[e7f1] = a1e + )\f1 + Zb'fh [evfi] = _>\fi7 [fhfi] = a1fi7 ’ = 27 coog k

MBIFC

=




Six dimensional 2-para-Kahler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kahler Lie algebras. We proceed as follows:
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Six dimensional 2-para-Kahler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kahler Lie algebras. We proceed as follows:
1. In Table 1, we determine all 2-left symmetric algebras by a direct
computation using the classification of real two dimensional left
symmetric algebras given in [11].
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Six dimensional 2-para-Kahler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kahler Lie algebras. We proceed as follows:

1. In Table 1, we determine all 2-left symmetric algebras by a direct
computation using the classification of real two dimensional left
symmetric algebras given in [11].

2. In Table 2, we give for each 2-left symmetric algebra in Table 1 its
compatible 2 x 2-left symmetric algebras.
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Six dimensional 2-para-Kahler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kahler Lie algebras. We proceed as follows:

1. In Table 1, we determine all 2-left symmetric algebras by a direct
computation using the classification of real two dimensional left
symmetric algebras given in [11].

2. In Table 2, we give for each 2-left symmetric algebra in Table 1 its
compatible 2 x 2-left symmetric algebras.

3. In Table 3, we give for each couple of compatible structures in Table 2
the corresponding 2-para-Kahler Lie algebra.
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Six dimensional 2-para-Kahler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kahler Lie algebras. We proceed as follows:

1. In Table 1, we determine all 2-left symmetric algebras by a direct
computation using the classification of real two dimensional left
symmetric algebras given in [11].

2. In Table 2, we give for each 2-left symmetric algebra in Table 1 its
compatible 2 x 2-left symmetric algebras.

3. In Table 3, we give for each couple of compatible structures in Table 2
the corresponding 2-para-Kahler Lie algebra.

4. All our computations were checked by using the software Maple.
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Six dimensional 2-para-Kahler Lie algebras

Name of the 2-LSS | First left symmetric product Second left symmetric product
bio.(@# Lazl) | exerer=er.eree2=aes o =ae
b er® €] =€,e28 2= e €] = aey, ez llezz%ael+be|
e ee =ae, e e ¢, =ae;,6, 0 ¢ = bey,
by €818 =€,628 =83
ey %36y = bes
by ey e e = e, 0883 = €8] + &3 . =ae
by.a#laz0, [eeer=eeroe=(1-L)eer0e2=02 o =ae,
€) ¢y = aey, e 9y ¢y = bey,e; 93 ¢y = aey,
by, er® ey =¢e,e2862=8
e e e = bex
by e e 1 =€, 028182 =¢8] + €2 @ =qae|
b: ererel =e2e20 €1 = —€,e201 2= —2e2 =g
b; €] ] €] = —€1,67 8] €] = —€], 82 8] €3 = —2¢3 . =ae
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Six dimensional 2-para-Kahler Lie algebras

[ eree3=e1 e 83 2] = aey,e; 83 ¢; = bey
c} e e er=e e; 93¢ = 2ae;, ¢, 93 ¢; = bey +ae
3 2% €3 =€) 2 82 €] 1.€2 9282 1 2
[ ereer=¢ €] 3¢ = ¢y, €3 93 €] = ae), €3 %3 €3 = bey +aey
[ exeer=¢.0,8 62=¢,0 2 =g e 0, =ae),e; 93¢ = ae;, ¢, % ¢, = bey +ae;
e 88, = ¢, 8¢ = be| +aey
[os €96 =628 6,=¢2.09, =09 € =€
e] ®1e] =e1 %101 =ae; + bez
_ €] #2122 =¢1 8¢ = be) + aez
L. €1 e el = —€10 €1 =—¢13,€] 9 €2 =¢8] €] =¢]
¢ e =—¢; 8¢y =ae, — be;
2
Table 1: Two di 2-left sy i a.b)eR .

ahler Lie algebras a subclass of k-symplectic Lie algebras



Six dimensional 2-para-Kahler Lie algebras

Name | 2-left symmetric structure Compatible (2 x 2)-left symmetric structure conditions
bbi, | big@slazd) Ly = (8.5) L = (8 %) L' = (8°). 17 = (38) |aeR a=0
bby b *ep=0,0.6€(1,2} a=0,belR
bb b, *a5=0,0.8(1,2} azl
- 1 = (85) 13- 1 = (32) a-1
bbs b, *,,ﬂ:O,a,/SEH,Zl azx0, beR
bb. bs L =(88). L2 = (L0 0). 13 = (28). 127 = (&8) | «<R
ec} cl *,5=0,a.8(1,2} a0, beR
= (). £ = (58). = (28). 7= (50) [a=0. e
ec} o *ep=0,a.8€(1,2) a#0, beR
11 €l 12 3 21 0 22
L' =(59). L= (%4). L&' =(50). L7 =("3) | a=0.beR
cc c; LY=L = (), L =L = () acR, beR
L3 =13 =0, 17 = 13 = (i

Table 2: Compatible two dimensional 2-left symmetric and (2 x 2)-left symmetric structures.
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Six dimensional 2-para-Kahler Lie algebras

Structure Associated 2-para-Kihler Lie algebra Conditions
bby,, (/v 2l = =fi [N fal = —af, 2. 5] = fi. [, fal = —afs, ack,
[f.er] = —er. [fre2] = —clafs — fo). [fa.er] = —aer. [fi.e2] = —d(afz — f2).
bby, Lh.f2l = =fi. Lh. il = =bh. LA fil = fo L il = —bf + o, L. fail = b fs. beR
L. e1] = —e1, [fr.e2] = —ea, [fa,e1] = —bey, [fa,e2] = —bes.
LA, fol = =fi, Lfi, ol = —afi, [fo. Sl = f, L. fal = —alfi + o) + fa + fa, azl
[f3. fal = —afs, [fr.e1] = —e1 — €2, [fr,e2] = —e2, [fr.e1] = —aler + €2). [ fs.€2] = —aer.
bb, L. Rl=-h. Lh.fil==f. L Kl =h Ll =-fi- L+ i+ . ceR
LA, il = =f5, L. e1] = —e1 — ez, [fo,e2] = —c(fa — i) — ez, [fa,e1] = —e1 — &2,
[fise2] = —e(fa = fi) - ea.
bbs [ Bl = fi. Lh. 5] = —afi, [h. il = —afe + i, [f2. 51 = —bf1. a#0,beR
L. fil = =bf + fa. Lfs. fil =bfs —afs. Lfi.e1] = —e2. [fr.e2] = €2,
[fs.e1] = —ae| — bes, [fa,e2] = —aey — bes.
bbs Ui, ol = fi, Lh. fal = f, L, il = —afi, L, il = —alhi + )+ fi + i, ack
(Al =afs [h.e]l = —ex [hoe]l = —clafi - i) - e [fr.e2] = —ea,
[fs.e1] = —aea, [fa, e1] = —aclafi — ) —aea, [fi,e2] = —aea.
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Six dimensional 2-para-Kahler Lie algebras

ce} U, fal = =2afy, [fa. fal = =bfi —afa + fo, [fs. il = 22af5, [fr.e1] = —e2, a#0,beR
[fi.e1] = —2ae; — bea, [fi.e2] = —aes.
il ==bh + f fued=cafi+af hal=afi+aafi-e, beR
[fr.e1l = berfi + bg1 f3, [fa.er]l = dzfi + hfs — bes.
ec Ufi, fal = —afr, Lo il = —afi, U il = =bfi —afo + fi, [ e1] = —e2, |5, e1] = —ae2 a+0,beR
[f1.e1] = —ae, — bea, [fi,e2] = —ae;.
[ fil==bfi+ f5. el =afi+ g fs. Lol =eafi + g2fs — ez, beR
[fs.e1]l = berfi + bgi fs, [fa.e1] = dfi + hfs — bes.
ecs L. 5l = —afi —bfs + fu, Lfi. sl = —bfi —afs + fi, Ifs, il = —=bfi —app + fi, acR, belR
Lo fil=—afi —bfa+ fi. el =—clh + b - - f) —ex el =—clh + - - f) —er
[fel=—ch+fi-fi-f)-en. [fnal=—i+h-fi-f)-ea
Lfserl = —c(fi + o= fo — fi) —aey —bes, [fr.ex] = —c(fi + o— f — fa) — bey —aes,
el =—clh + o= 5 = fi) —bey —aes, [fa,e2] = —c(fi + o = f5 = fa) —aey — bey.
b=spanifi, fo, fi, fub 6' = fy Aej+ fney and 6 = fTAel+f]Ae

Table 3: Six dimensional 2-para-Kiihler Lie algebras.
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