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Characterization of k-para-Kähler Lie algebras

Definition 1.1
Let g be a n(k + 1)-dimensional Lie algebra overK (K = R or C), θ1, ..., θk
2-forms of Λ2(g) and h a Lie subalgebra of g of codimension n. We recall
that (θ1, ..., θk; h) is a k-symplectic structure on g if the following conditions
are satisfied:

(i) The family (θ1, . . . , θk) is nondegenerate, i.e.,
⋂k

i=1 ker θi = {0},
(ii) for i = 1, . . . , k, θi is closed, i.e.,

dθi(u, v,w) := θi([u, v],w) + θi([v,w], u) + θi([w, u], v) = 0,
(iii) h is totally isotropic with respect to (θ1, . . . , θk), i.e., θi(u, v) = 0 for

any u, v ∈ h and for i = 1, . . . , k.
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Characterization of k-para-Kähler Lie algebras

(g, h, θ1, . . . , θk) is called a k-symplectic Lie algebra.
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Characterization of k-para-Kähler Lie algebras

Let (g, h, θ1, . . . , θk) be a k-symplectic Lie algebra where g is a
n(k + 1)-dimensional Lie algebra and h be a Lie subalgebra of g of
dimension nk.
There exists always an isotropic supplementary p of h of dimension n (i.e.,
θα |p= 0 for any α = 1, . . . , k.) such that g = h⊕ p.
In general there is not an isotropic Lie subalgebra supplementry p of h.
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Characterization of k-para-Kähler Lie algebras

Definition 1.2
Let (g, h, θ1, . . . , θk) be a k-symplectic Lie algebra. If h admits an isotropic
supplementary p such that p is a Lie subalgebra of g, then (g, h, θ1, . . . , θk)
is a k-para-Kähler Lie algebra.
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Characterization of k-para-Kähler Lie algebras

Example 1
Let (g, h, θ1) be a 1-symplectic Lie algebra of dimension 2n (k = 1) where h is
a Lie subalgebra of g of dimension n, then h is lagrangian.
Suppose that h admits an isotropic Lie subalgebra supplementary p of
dimension n, that is, p is lagrangian. Hence (g, h, θ1) is a para-Kähler Lie
algebra.
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Characterization of k-para-Kähler Lie algebras

Definition 1.3
A left symmetric algebra is an algebra (A, •) such that for any a, b, c ∈ A,

ass(a, b, c) = ass(b, a, c) where ass(a, b, c) = (a • b) • c− a • (b • c).
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Characterization of k-para-Kähler Lie algebras

Let (g, h, p, θα) be a k-para-Kaheler Lie algebra for any α = 1, . . . , k.
1. g = h⊕ p, then for any p ∈ p and any h ∈ h the Lie bracket [p, h] can

be written
[p, h] = −[h, p] = φp(h)− φh(p), (1)

where φp(h) ∈ h and φh(p) ∈ p.
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Characterization of k-para-Kähler Lie algebras

2. h = ⊕k
α=1h

α where, hα =
⋂
β 6=α

ker θβ .

3. h has a structure of left symmetric algebra such that h • hα ⊂ hα

where, the left symmetric product • on h is given by

θα(h1 • h2, p) = −θα(h2, [h1, p]), (2)

for any h1, h2 ∈ h, for any p ∈ g
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Characterization of k-para-Kähler Lie algebras
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Characterization of k-para-Kähler Lie algebras

4. iα : hα −→ p∗ given by

iα(h)(p) = θα(h, p).

The linear map iα is an isomorphism.

5. A family of products ?α,β on p, given by

θα(p ?α,β q, h) = −θβ(q, [p, h]). (3)

Where, for any α, β ∈ {1, . . . , k} with α 6= β and for any p1, p2 ∈ p,

[p1, p2] = p1 ?α,α p2 − p2 ?α,α p1, p1 ?α,β p2 = p2 ?α,β p1.
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Characterization of k-para-Kähler Lie algebras
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Characterization of k-para-Kähler Lie algebras

6. A family of products •α,β on p∗ given by

a •αβ b = iβ(i−1α (a) • i−1β (b)). (4)

where , for any α, β, γ, •αβ = •αγ and if we denote •αβ = •α, we have, for
any a, b, c ∈ p∗,

a •α (b •β c)− (a •α b) •β c = b •β (a •α c)− (b •β a) •α c. (5)
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Characterization of k-para-Kähler Lie algebras

We consider Φ(p, k) = p⊕ (p∗)k

1. We endow (p∗)k with the product ◦ given by

(a1, . . . , ak) ◦ (b1, . . . , bk) =

(
k∑
α=1

aα •α b1, . . . ,
k∑
α=1

aα •α bk

)
. (6)

2. We define φ : (p∗)k ⊗ p∗ −→ p∗ and ψ : p⊗ pk −→ pk by
φ((a1, . . . , ak), b) = φ(a1,...,ak)b =

k∑
α=1

Lαaαb,

ψ(q, (p1, . . . , pk)) = ψq(p1, . . . , pk) =
k∑
α=1

(
Lα,1q pα, . . . , Lα,kq pα

)
.

(7)
where Lαa : p∗ −→ p∗, b 7→ a •α b and Lα,βq : p −→ p, p 7→ q ?α,β p,
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Characterization of k-para-Kähler Lie algebras

3. We endow Φ(p, k) with the bracket
[a, b]n = a ◦ b− b ◦ a, if a, b ∈ (p∗)k

[p, q]n = [p, q], if p, q ∈ p

[a, p]n = φ∗a(p)− ψ∗pa, if a ∈ (p∗)k, p ∈ p

(8)

where
≺ b, φ∗a(p) �= − ≺ φab, p � and

≺ ψ∗pa, (p1, . . . , pk) �= − ≺ a, ψp(p1, . . . , pk) � .

4. We define a family of 2-forms ρα, α = 1, . . . , k by

ρα(p + (a1, . . . , ak), q + (b1, . . . , bk)) =≺ aα, q � − ≺ bα, p � . (9)
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Characterization of k-para-Kähler Lie algebras

Theorem 1.1
(Φ(p, k), [ , ]n, (p

∗)k, ρ1, . . . , ρk) is a k-para-Kähler Lie algebra and
F : g −→ Φ(p, k), (h1 + . . .+ hk + p) 7→ (p, i1(h1), . . . , ik(hk)) is an
isomorphism of k-para-Kähler Lie algebras.
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Characterization of k-para-Kähler Lie algebras

Definition 1.4
A k-left symmetric algebra is a real vector spaceA endowed with k left
symmetric products •1, . . . , •k such that one of the following equivalent
assertions hold:
1. For any α, β ∈ {1, . . . , k} and for any a, b, c ∈ A,

a •α (b •β c)− (a •α b) •β c = b •β (a •α c)− (b •β a) •α c. (10)

2. (Ak, ◦) is a left symmetric algebra where ◦ is given by

(a1, . . . , ak) ◦ (b1, . . . , bk) =

(
k∑
α=1

aα •α b1, . . . ,
k∑
α=1

aα •α bk

)
. (11)
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Characterization of k-para-Kähler Lie algebras

Definition 1.5
A (k× k)-left symmetric algebra is a vector space B endowed with a
k× k-matrix (?α,β)1≤α,β≤k of products such that:
1. For any α, β and for any p, q ∈ B,

p ?α,α q− q ?α,α p = p ?β,β q− q ?β,β p = [p, q].

2. ?α,β are commutative when α 6= β,
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Characterization of k-para-Kähler Lie algebras

Example 2
1. The notions of 1-left symmetric algebra and (1× 1)-left symmetric

algebra are the same and correspond to the classical notion of left
symmetric algebra.

2. Let (A, •) be a left symmetric algebra. For any k ≥ 1, endowA with
the k-left symmetric structure given by •α = µα•, where µα ∈ R. Then
(A, •1, . . . , •k) is a k-left symmetric algebra.

3. If •1, . . . , •k are left symmetric products on B such that
a •α b− b •α a = a •β b− b •β a for any α, β then (B, (?α,β)1≤α≤β≤k)
is (k× k)-left symmetric algebra where ?α,β = 0 if α 6= β and
?α,α = •α.
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Characterization of k-para-Kähler Lie algebras

Let study the converse.

We consider:
1. A vector space p of dimension n.
2. A k-left symmetric structure (•1, . . . , •k) on p∗. This defines a left

symmetric product ◦ on (p∗)k and hence a Lie algebra structure on
(p∗)k

[a, b] = a ◦ b− b ◦ a

3. A (k× k)-left symmetric structure ?α,β on p. This defines a Lie algebra
structure on p by

[p, q]p = p ?α,α q− q ?α,α q.
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Characterization of k-para-Kähler Lie algebras

We consider φ(p, k) = p⊕ (p∗)k.

We define on φ(p, k):
1. The bracket

[a, b] = a◦b−b◦a, [p, q] = [p, q]p and [a, p] = φ∗a(p)−ψ∗pa, a, b ∈ (p∗)k, p, q ∈ p,
(12)

2. The family (ρ1, . . . , ρk) of 2-forms given by

ρα(p + (a1, . . . , ak), q + (b1, . . . , bk)) =≺ aα, q � − ≺ bα, p � .
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Characterization of k-para-Kähler Lie algebras

We denote by φT : p −→ pk ⊗ p and ψT : (p∗)k −→ (p∗)⊗ (p∗)k the dual of
φ : (p∗)k ⊗ p∗ −→ p∗ and ψ : p⊗ pk −→ p.

Question: Under which condition the bracket given in (12) is a Lie bracket?
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Characterization of k-para-Kähler Lie algebras

Theorem 1.2

(Φ(p, k), [ , ]) is a Lie algebra if and only if
1. φT : p −→ pk ⊗ p is a 1-cocycle of (p, [ , ]p) and the representation
ψ ⊗ ad, i.e.,

φT([p, q]p)((a1, . . . , ak), b) = φT(p)((a1, . . . , ak), ad∗qb)

+φT(p)(ψ∗q (a1, . . . , ak), b)

−φT(q)((a1, . . . , ak), ad∗pb)

−φT(q)(ψ∗p (a1, . . . , ak), b).

2. ψT : (p∗)k −→ (p∗)⊗ (p∗)k is a 1-cocycle of ((p∗)k, [ , ]) and the
representation φ⊗ ad and [ , ] is given by [a, b] = a ◦ b− b ◦ a, i.e.,
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Characterization of k-para-Kähler Lie algebras

ψT([a, b])(p, (q1, . . . , qk)) = ψT(a)(p, ad∗b(q1, . . . , qk))

+ψT(a)(φ∗bp, (q1, . . . , qk))

−ψT(b)(p, ad∗a(q1, . . . , qk))

−ψT(b)(φ∗ap, (q1, . . . , qk)).

In this case (Φ(p, k), [ , ], (p∗)k, ρ1, . . . , ρk) is a k-para-Kähler Lie algebra.
Moreover, all k-para-Kähler Lie algebras are obtained in this way.
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Characterization of k-para-Kähler Lie algebras

Definition 1.6
A (k× k)-left symmetric algebra structure on p and a k-left symmetric
algebra structure on p∗ are called compatible if they satisfy the conditions
of the previous Theorem.
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Characterization of k-para-Kähler Lie algebras

Example 3
1. Any k-left symmetric algebra structure on p∗ is compatible with the

trivial (k× k)-left symmetric algebra structure on p.
2. Any (k× k)-left symmetric algebra structure on p is compatible with

the trivial k-left symmetric algebra structure on p∗.
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Characterization of k-para-Kähler Lie algebras

Conclusion
k-para-Kahler Lie algebras are obtained by:
1. A vector space p of dimension n.
2. A k-left symmetric structure (•1, . . . , •k) on p∗.
3. A (k× k)-left symmetric structure ?α,β on p.
4. and the 2 structures are compatible.
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Characterization of k-para-Kähler Lie algebras

Proposition 1.1
Let (A, .) be a commutative associative algebra and (D1, . . . ,Dk) the
derivations of (A, .) which commute. Then for any α = 1, . . . k, the products

a •α b = a.Dαb

are left symmetric and define a k-left symmetric structure on A.
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Characterization of k-para-Kähler Lie algebras

Example 4
We consider R4 endowed with the associative commutative product

e1.e1 = e1, e1.e2 = e2.e1 = e2, e1.e3 = e3.e1 = e3, e1.e4 = e4.e1 = e4.

We consider the two derivations

D1 =


0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 and D2 =


0 0 0 0

0 0 a b

0 0 0 c

0 0 0 0

 .

These two derivations commute and, according to the previous Proposition ,
they define a 2-left symplectic structure on R4 by

e1 •1 ei = ei, i = 2, 3, 4, e1 •2 e3 = ae2 and e1 •2 e4 = be2 + ce3.
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Exact k-para-Kähler Lie algebras

We consider :
1. A k-left symmetric structure (•1, . . . , •k) on p∗.
2. ψ = δ(r) is a coboundary, i.e., for r ∈ p∗ ⊗ (p∗)k ψ : p⊗ (p)k −→ pk is

given by

≺ a, ψ(p, u) �= −r(φ∗ap, u)− r(p, ad∗au), p ∈ p, u ∈ pk, a ∈ (p∗)k.
(13)

We define r# : p −→ (p∗)k by≺ r#(p), u �= r(p, u)
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Exact k-para-Kähler Lie algebras

Problem: Under which condition ψ defines a k× k-left symmetric structure
on p compatible with the k-left symmetric structure on p∗.
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Exact k-para-Kähler Lie algebras

Theorem 2.1
Let p be a vector space of dimension n such that p∗ is endowed with a k-left
symmetric algebra structure (•1, . . . , •k) and
r = (s1 + a1, . . . , sk + ak) ∈ p∗ ⊗ (p∗)k such that, for any α 6= β and for any
ρ ∈ p∗,

Lαρ (aβ) = 0 and Lαρ (aα) = Lβρ (aβ) =: L(a)(ρ, ., .).

Then ψ given by (13) defines a (k× k)-left symmetric structure on p
compatible with the k-left symmetric structure of (p∗)k if and only if, for any
a ∈ (p∗)k and p, q ∈ p,

[a,∆(r)(p, q)]+La(∆(r))(p, q) = 0, ∆(r)(p, q) = r#([p, q]p)−[r#(p), r#(q)]

and, for any a ∈ (p∗)k, ρ ∈ p∗, p, q ∈ p,

L(a)(Laρ, p, q) + L(a)(ρ, L∗ap, q) + L(a)(ρ, p, L∗aq) = 0.
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Exact k-para-Kähler Lie algebras

Corollary 2.1
Let r = (s1, . . . , sk) be a family of symmetric elements of p∗ ⊗ p∗. Then ψ
defines a (k× k)-left symmetric structure on p compatible with the k-left
symmetric structure of (p∗)k if and only if, for any a ∈ (p∗)k and p, q ∈ p,

[a,∆(r)(p, q)]+La(∆(r))(p, q) = 0, ∆(r)(p, q) = r#([p, q]p)−[r#(p), r#(q)]
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Exact k-para-Kähler Lie algebras

Definition 2.1
Let r = (r1, . . . , rk) be a family of symmetric elements ofA⊗A whereA
has a structure of k-left symmetric algebra (•1, . . . , •k). We call r a Sk-matrix
if ∆(r) = 0 where ∆(r)(p, q) = r#([p, q]p)− [r#(p), r#(q)], i.e., for any
α = 1, . . . , k, p, q ∈ A∗,

rα#([p, q]∗) =
k∑
β=1

[
rβ#(p) •β rα#(q)− rβ#(q) •β rα#(p)

]
,

where

[p, q]∗ =
k∑
β=1

[
(Lβ

rβ#(p)
)∗q− (Lβ

rβ#(q)
)∗p
]
.
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Exact k-para-Kähler Lie algebras

Example 5
1. Let (A, •) be a left symmetric algebra and r ∈ A⊗A be a classical

S-matrix, i.e., r satisfies

r
(

L∗r#(p)q− L∗r#(p)q
)

= r#(p) • r#(q)− r#(q) • r#(p),

for any p, q ∈ A∗ (see [6, 9]). For any k ≥ 1, endowA with the k-left
symmetric structure given by •α = µα•, where µα ∈ R. Then
rk = (r, . . . , r) is a Sk-matrix.

2. Consider the 2-left symmetric on R4 given in the previous Example ,
then one can check by a direct computation that

r1 = r2,4e2�e4+r2,2e2�e2+r4,4e4�e4 and r2 = s1,1e1�e1+s1,2e1�e2

constitute a S2-matrix on R4 (� is the symmetric product).
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k-symplectic Lie algebras of dimension (k + 1)

Let (g, h, θ1, . . . , θk) be a k-symplectic Lie algebra of dimension (k + 1).

Then the dim h = k, dim hα = 1 and dim p∗ = 1.

Theorem 3.1
Let (g, h, θ1, θ2) be a 2-symplectic Lie algebra of dimension 3. Then one of
the following situations holds:
1. h is an abelian ideal and there exists a basis (e, f, g) of g and D an

endomorphism of h such that [h, e] = D(h) for any h ∈ h, θ1 = e∗ ∧ f∗
and θ2 = e∗ ∧ g∗.

2. (g, h, θ1, θ2) is isomorphic to (sl(2,R), h0, ρ
1, ρ2) with

h0 = span{h, g}, ρ1 = h∗ ∧ f∗ + bg∗ ∧ f∗ and ρ2 = g∗ ∧ f∗.
3. (g, h, θ1, θ2) is isomorphic to (sol, h0, ρ

1, ρ2) with h0 = span{u1, u2},
ρ1 = u∗1 ∧ u∗3 + bu∗2 ∧ u∗3 and ρ2 = cu∗1 ∧ u∗3 + u∗2 ∧ u∗3 .
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k-symplectic Lie algebras of dimension (k + 1)

Theorem 3.2
Let (g, h, θ1, . . . , θk) be a k-symplectic Lie algebra such that dim h = k ≥ 3.
Then one of the following situation holds:
1. h is an abelian ideal and there exists a basis (e, f1, . . . , fk) of g and an

endomorphism D of h such that h = span{f1, . . . , fk}, [e, h] = D(h) for
any h ∈ h and, for α = 1, . . . , k, θα = f∗α ∧ e∗

2. There exists (f1, . . . , fk, e) a basis of g, a family of constants
(a1, . . . , ak) ∈ Rk, a1 6= 0, (b2, . . . , bk) ∈ Rk−1 and λ ∈ R such that
h = span{f1, . . . , fk},

θ1 = f∗1 ∧ e∗ −
k∑

i=2

aif∗i ∧ e∗ and θi = a1f∗i ∧ e∗, i = 2, . . . , k,

and the non vanishing Lie brackets are given by

[e, f1] = a1e + λf1 +
k∑

l=2

blfl, [e, fi] = −λfi, [f1, fi] = a1fi, i = 2, . . . , k.
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Six dimensional 2-para-Kähler Lie algebras

In this section, by using Theorem 1.2, we give all six dimensional
2-para-Kähler Lie algebras. We proceed as follows:

1. In Table 1, we determine all 2-left symmetric algebras by a direct
computation using the classification of real two dimensional left
symmetric algebras given in [11].

2. In Table 2, we give for each 2-left symmetric algebra in Table 1 its
compatible 2× 2-left symmetric algebras.

3. In Table 3, we give for each couple of compatible structures in Table 2
the corresponding 2-para-Kähler Lie algebra.

4. All our computations were checked by using the software Maple.
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Six dimensional 2-para-Kähler Lie algebras
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Six dimensional 2-para-Kähler Lie algebras
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Six dimensional 2-para-Kähler Lie algebras
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Six dimensional 2-para-Kähler Lie algebras
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