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The supra-curvature of weighted Riemannian manifolds

Let (M, (, )7m) be a Riemannian manifold,
so(TM) = | J so(T,M)
xeM

where so( T, M) is the vector space of skew-symmetric
endomorphisms of T,M and k > 0. The Levi-Civita connection
VM of (M, (, )1um) defines a connection on the vector bundle
so( TM) which we will denote in the same way and it is given, for
any X € [(TM) and F € I'(so(TM)), by

VEF(Y) = VX(F(Y)) - F(VXY).
RM is the curvature tensor of VM given by

RM(X,Y) =V v - (vé{’v“y” - vhy”v)“?) .
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The supra-curvature of weighted Riemannian manifolds

Let kK > 0. The Atiyah Euclidean vector bundle associated to
(M, {, Ym, k) is the triple (E(M, k), (, )x, VE) where

Q@ E(M, k) =TM @& so(TM) — M,
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The supra-curvature of weighted Riemannian manifolds

Let kK > 0. The Atiyah Euclidean vector bundle associated to
(M, {, Ym, k) is the triple (E(M, k), (, )x, VE) where

Q@ E(M, k) =TM @& so(TM) — M,
Q@ VEY =VYY + HxY, VEF = HxF + V{F,
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The supra-curvature of weighted Riemannian manifolds

Let kK > 0. The Atiyah Euclidean vector bundle associated to
(M, {, Ym, k) is the triple (E(M, k), (, )x, VE) where

Q@ E(M, k) =TM @so(TM) — M,
@ VEY = VYUY + HxY, VEF = HxF + VYF,
Q@ X+F,Y+G)k=(X,Y)rm— ktr(F o G),
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The supra-curvature of weighted Riemannian manifolds

Let kK > 0. The Atiyah Euclidean vector bundle associated to
(M, {, Ym, k) is the triple (E(M, k), (, )x, VE) where

Q@ E(M, k) =TM @so(TM) — M,
@ VEY = VYUY + HxY, VEF = HxF + VYF,
Q@ X+F,Y+G)k=(X,Y)rm— ktr(F o G),

where

HxY = —%R’V’(X, Y) and (HxF,Y)mm = —%k tr(FoRM(X, Y)).
(1)
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The supra-curvature of weighted Riemannian manifolds

Let kK > 0. The Atiyah Euclidean vector bundle associated to
(M, {, Ym, k) is the triple (E(M, k), (, )x, VE) where

Q@ E(M, k) =TM @so(TM) — M,
@ VEY = VYUY + HxY, VEF = HxF + VYF,
Q@ X+F,Y+G)k=(X,Y)rm— ktr(F o G),

where

1 1
HxY = —ER’V’(X, Y) and (HxF,Y)mm = —5k tr(FoRM(X, Y)).

(1)
We have

VEL W) =0
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The supra-curvature of weighted Riemannian manifolds

Definition 1.1
The supra-curvature' of (M, (', Y1m, k) is the curvature of
(E(M, k), VE) given by

RY(X,Y) = Vv, - (v§v€ - vévﬁ) .

1This notion has been introduced in the PhD thesis of H.:Essoufi.
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The supra-curvature of weighted Riemannian manifolds

Definition 1.1
The supra-curvature' of (M, (', Y1m, k) is the curvature of
(E(M, k), VE) given by

RY(X,Y) = Vv, - (v§v€ - vévﬁ) .

Remark 1

The Atiyah vector bundle doesn’t depend on k. However, the
metric and the connection do. We will see that for different values
of k the situation can change drastically.

1This notion has been introduced in the PhD thesis of H.:Essoufi.

Mohamed Boucetta-Hasna Essoufi Supra-Flat Riemannian manifolds



The supra-curvature of weighted Riemannian manifolds

Proposition 1.1

RV (X,Y)Z = {RM(X, Y)Z + HyHxZ — HxHyZ}
+ {—;VAZ”(KM)(X A Y)} :
RY (X VF = LRV (X, Y)F)m}
+{IRM(X, ), F] + Hy HxF — HxHy F }
(RY“ (X, Y)F)mm, 20k = —(RV“(X, Y)Z, F),
X,Y,ZeT(TM), F € T(so(TM)), KM : so( TM) — so(TM) be

the curvature operator given by KM(X A Y) = RM(X, Y) where
XA Y(Z) = <Y,Z>TMX = <X,Z>TMY.
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Supra-flat weighted Riemannian manifolds

It is obvious that if the curvature of M vanishes then its
supra-curvature vanishes. Hence it is natural to ask of there is non
flat Riemannian manifolds with are supra-flat.
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Supra-flat weighted Riemannian manifolds

It is obvious that if the curvature of M vanishes then its
supra-curvature vanishes. Hence it is natural to ask of there is non
flat Riemannian manifolds with are supra-flat.

Proposition 2.1
Suppose that (M, {, )1m) has constant sectional curvature c, i.e,

RM(X,Y)=—cXAY

and put @ = 1c(2 — ck). Then, for any X, Y € I(TM) and
F € T(so(TM)),

RV5(X,Y)Z = —2wXAY(Z) and RY°(X,Y)F = —2w[XAY, F].

So if ¢ > 0 then the supra-curvature of (M, {, )1, 2) vanishes.
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Supra-flat weighted Riemannian manifolds

Corollary 2.1

Any sphere has an Euclidean vector bundle with a flat metric
connection.

This defines a cohomology on the differential forms on the sphere
with values in the sections of this vector bundle. It will be
interesting to study this cohomology.
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Supra-flat weighted Riemannian manifolds

One can ask if there are other supra-flat Riemannian manifolds.
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Supra-flat weighted Riemannian manifolds

One can ask if there are other supra-flat Riemannian manifolds.

Theorem 2.1 (M. Boucetta-H. Essoufi, Mediterr. J. Math.
(2020). )
Let (M, {, )tm) be a connected Riemannian manifold. Then the

supra-curvature of (M, ( , Y1m, k) vanishes if and only if the
Riemannian universal covering of (M, (, )Tam) is isometric to the

Riemannian product (R",(, )o) x S™ <\/E) X ... xS < ’2<>
where S"i < 12‘> is the Riemannian sphere of dimension n;, of

radius \/g and constant curvature %
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Supra-flat weighted Riemannian manifolds

Corollary 2.2

Let (M, {, )Ttm) be a connected supra-flat Riemannian manifold.
Then M = N/T where

N =(R"(, )o) x S™ (\/E) ><...><S”P< g)

F=ToxTyx...xTIp,

and

where [ C O(n) x R" is a discrete group and I'; C O(n; + 1) is a
finite group, fori =1,...,p.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Proposition 3.1

Let (M, {, )tm) be the Riemannian product of p Riemannian
manifolds (M1, (, )1),...,(Mp,(, )p). Then the supra-curvature
of (M, (, )Tm, k) at a point x = (x1,...,Xp) is given by

RYVE (X1, ..., X,)
( RY™ (X1, Y1)Zi, ...

RYVE[(Xq, ... ),(Yl,...,v,,

- <RVE1( Y1)Fi, ..

,(Yl,...,Yp (Z1,...,2Zp)

where X;, Y;, Zi € TM;, F € SO(TXM), Fi =pr;o F|TMi' RVE’ is
the supra-curvature of (M;,(, )i,k) andi=1,...,p
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Proposition 3.2

If (M, (, )Tm, k) is supra-flat then (M, ( , Y1pm) is locally
symmetric, i.e., VM(RM) = 0 and for any X, Y € [(TM),

(RM(X, Y)X,Y)7m = (Hx Y, Hx Y), > 0.
Thus (M, (, YTm) has non-negative sectional curvature.

Proof.

It is an immediate consequence of the expression of the
supra-curvature given in Proposition 1.1.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

A Riemannian manifold (M, (, }1pn) is called symmetric if for any
x € M there exists (a unique) an isometry £, of (M, (, )) such
that £ (x) = x and Tif, = —Id71 .
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

A Riemannian manifold (M, (, }1pn) is called symmetric if for any
x € M there exists (a unique) an isometry £, of (M, (, )) such
that £ (x) = x and Tif, = —Id71 .

Then

TV (RM) (2, u3, a)] = Vg () (RM)( T u2), Tihi(us), Tihe(ua)

and hence
vM(RM) = 0.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

A Riemannian manifold (M, (, }1pn) is called symmetric if for any
x € M there exists (a unique) an isometry £, of (M, (, )) such
that £ (x) = x and Tif, = —Id71 .

Then

TV (RM) (2, u3, a)] = Vg () (RM)( T u2), Tihi(us), Tihe(ua)
and hence

vM(RM) = 0.

Moreover, if we consider the local symmetry
Sx 1 expy(v) — exp,(—Vv) then s¢(x) = x and Tys, = —Id1 pm.
Then sy coincides with f; in a neighborhood of x.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Proposition 3.3
Let (M,(, )tm) be a Riemannian manifold. Then the following
assertions are equivalent:
o VM(RM) =o.
@ for any x € M, the local symmetry s, exp,(v) — exp,(—v) is
an isometry.

A Riemannian manifold (M, { , )1wm) satisfying one of the
conditions above is called locally symmetric.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Proposition 3.3

Let (M,(, )tm) be a Riemannian manifold. Then the following
assertions are equivalent:

Q@ VM(RM) =o.
@ for any x € M, the local symmetry s, exp,(v) — exp,(—v) is
an isometry.

A Riemannian manifold (M, { , )1wm) satisfying one of the
conditions above is called locally symmetric.

Proposition 3.4
A Riemannian symmetric space is homogeneous.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Proposition 3.3

Let (M,(, )tm) be a Riemannian manifold. Then the following
assertions are equivalent:

Q@ VM(RM) =o.
@ for any x € M, the local symmetry s, exp,(v) — exp,(—v) is
an isometry.

A Riemannian manifold (M, { , )1wm) satisfying one of the
conditions above is called locally symmetric.

Proposition 3.4
A Riemannian symmetric space is homogeneous.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Let (M, {, )7tm) be a Riemannian symmetric manifold. We denote
by G the connected component of the identity in the group of
isometries of (M, (, }) and by K the isotropy subgroup at some
point x (fixed one of all).
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Let (M, {, )7tm) be a Riemannian symmetric manifold. We denote
by G the connected component of the identity in the group of
isometries of (M, (, }) and by K the isotropy subgroup at some
point x (fixed one of all).

The symmetry f, around x belongs to K and generates an
involutive automorphism o of G

o(f)=fiofof L
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Let (M, {, )7tm) be a Riemannian symmetric manifold. We denote
by G the connected component of the identity in the group of
isometries of (M, (, }) and by K the isotropy subgroup at some
point x (fixed one of all).

The symmetry f, around x belongs to K and generates an
involutive automorphism o of G

o(f)=fiofof L

We denote by G? = {f € G,o(f) = f} and Gg the connected
component of G? in G.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Theorem 3.1 (E. Cartan)

@ Given any connected symmetric space (M, (, Y1pm) and any
x € M, then the corresponding involutive automorphism o of
G satisfies G C K C G°.

@ Conversely, if G is a Lie group, o an involutive automorphism
of G and K a compact subgroup of G such that
GJ C K C G?. Then any invariant Riemannian metric in
G/K is symmetric.

© A simply-connected complete locally symmetric space is a
symmetric space.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Let (G, 0, K) be a symmetric space. Let g and ¢ the Lie algebras of
G and K and p = T.o the automorphism of g associated to 0. We
have ¢ = {X € g, p(X) = X} and let p = {X € g, p(X) = —X}.
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A breve presentation of symmetric Riemannian manifolds

Preparation of the proof of the theorem The supra-curvature of symmetric spaces

Supra-curvature of complex projective spaces

Let (G, 0, K) be a symmetric space. Let g and ¢ the Lie algebras of
G and K and p = T.o the automorphism of g associated to 0. We
have ¢ = {X € g, p(X) = X} and let p = {X € g, p(X) = —X}.
Lemma 3.1 (Fundamental Lemma)

g=tdp, pis Adg(K)-invariant and

\[E,E]ck, [e,p] Cp and [p,p]cé.‘
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

The curvature of a symmetric space is easy to compute.

Proposition 3.5
Let G/K be a symmetric space and X,Y € TW(G)G/K =9p. Then

(R(X, Y)X,Y) = —(adx o adx Y, Y),

i 1
ric = _EB“”

where B is the Killing form of g.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

The curvature of a symmetric space is easy to compute.

Proposition 3.5
Let G/K be a symmetric space and X,Y € TW(G)G/K =9p. Then

(R(X, Y)X,Y) = —(adx o adx Y, Y),

i 1
ric = _EB“”

where B is the Killing form of g.

Corollary 3.1

Let (G/K,(, )) be a symmetric space. Then (, ) is Einstein if
and only if the restriction of B to p is

O either identically zero,

@ or definite and proportional to ( , ).
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Proposition 3.6

If the adjoint representation Adg(K) of K in p is irreducible then
(, ) is Einstein.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Proposition 3.6
If the adjoint representation Adg(K) of K in p is irreducible then
(, ) is Einstein.

Definition 3.1
A symmetric space (G/K,(, )) is called irreducible if the adjoint
representation Adg(K) of K in p is irreducible.
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A breve presentation of symmetric Riemannian manifolds

The supra-curvature of symmetric spaces

Preparation of the proof of the theorem .
Supra-curvature of complex projective spaces

Proposition 3.6
If the adjoint representation Adg(K) of K in p is irreducible then
(, ) is Einstein.

Definition 3.1
A symmetric space (G/K,(, )) is called irreducible if the adjoint
representation Adg(K) of K in p is irreducible.

Theorem 3.2

A simply-connected symmetric space is the Riemannian product of
a Euclidean space and a finite number of irreducible Riemannian
symmetric spaces.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Let G be a compact connected Lie group with g its Lie algebra and
K be a closed subgroup of G with £ its Lie algebra. Denote by
m: G — G/K the canonical projection. Suppose that:

Q g =t @ p where p is Adg-invariant, [p,p] C &,

@ the restriction of the Killing form B of g to p is negative

definite.

The scalar product (, ), = ABj,x, with A < 0 defines a
G-invariant Riemannian metric (, )/ on G/K which is locally
symmetric.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

For any X € &, we denote by ®x the restriction of adx to p.
& — so(p, (, )p) is a representation and

so(p, < P >P) =& D ((DP)La

where (®;)" is the orthogonal with respect to the invariant scalar
product on so(p, (, )p), (A, B) — —tr(AB).
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem L
Supra-curvature of complex projective spaces

For any X € &, we denote by ®x the restriction of adx to p.
& — so(p, (, )p) is a representation and

so(p, < P >P) =& D ((DP)La

where (®;)" is the orthogonal with respect to the invariant scalar
product on so(p, (, )p), (A, B) — —tr(AB).

Remark 2
[p,p] is an ideal of € and hence

[Ppp,p1, Pe] € Ppp -
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem L
Supra-curvature of complex projective spaces

Proposition 3.7
The supra-curvature of (G/K, (, )g/k, k) at m(e) is given by

RV (X,Y)Z = [IX,Y],Z]+~ ([v U(®x.2)] = [X, U@y 2))]) .
RVE(Xa Y)F = [®xv) q)xF_%U(F)] + [®1x,v)s F1,
where X, Y, Z € Ty )G/K = p,

F=®xr+ Fteso(p,(, )p) =Ped(Pe)t and U(F) is the
element of £ given by

= Zn:[x,-, F(X;
i=1

where (X1,...,Xp) is an orthonormal basis of p.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem L
Supra-curvature of complex projective spaces

Corollary 3.2

If the supra-curvature of (G/K,(, )G K, k) vanishes then ®, ., is
an ideal of so(p, ( , )p)-
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem L
Supra-curvature of complex projective spaces

Corollary 3.2

If the supra-curvature of (G/K,(, )G K, k) vanishes then ®, ., is
an ideal of so(p, ( , )p)-

Remark 3

For every n # 4, so(n) is a simple Lie algebra.

Mohamed Boucetta-Hasna Essoufi Supra-Flat Riemannian manifolds



A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces

Preparation of the proof of the theorem L
Supra-curvature of complex projective spaces

Corollary 3.2

If the supra-curvature of (G/K,(, )G K, k) vanishes then ®, ., is
an ideal of so(p, ( , )p)-

Remark 3

For every n # 4, so(n) is a simple Lie algebra.

Theorem 3.3 (Jensen)

A simply-connected four dimensional homogeneous Einstein
manifold with positive scalar curvature is isometric to S*(r),

S?(r) x S?(r) or P?(C).
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Let 7 : C™1\ {0} — P"(C) be the natural projection and

s : S2T1 s P(C) its restriction to S2"t1 ¢ C"*1\ {0}. For
any m € S?™1 put F,, = ker((7s)«)m and let F;- be the
orthogonal complementary subspace to Fp, in Tp(S2™+1);

Tm(S*™ ) =Fn® F,.

We introduce the Riemannian metric (, )pn(cy on P"(C) so that
the restriction of (7). to F7; is an isometry onto T(m)(P"(C)).
Let Jp be the canonical complex structures on C"*1 and the
standard complex structures J on P"(C) is given by

J(7s)wv = (ms)sJov, v € Fi.
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A breve presentation of symmetric Riemannian manifolds
The supra-curvature of symmetric spaces
Supra-curvature of complex projective spaces

Preparation of the proof of the theorem

Proposition 3.8
The curvature and the supra-curvature of (P"(C), g, k) are given

by
REOX,Y)Z = (X,Z)pucyY — (Y, Z)pncyX — 2(JY, X) pn(c)JZ
+(JZ, Y)Y po(cy IX — (IZ, X) po(cy JY s
RY(X,V)Z = (k=1)((Y,2)puc)X — (X, Z)pneyY + 20JY, X)pr(c) JZ
+((2n + 3)k — 1) ((JZ, X) pricy JY — (JZ, Y ) po(cyIX)
E k
RV (X,Y)F = (2 — 1) [F.XAY + IXAIY]+2(JY, X) pocy[F, J]

k
+§([JOFOJ,X/\Y]*JOF(X)/\JY*JX/\JOF(Y)

where X, Y,Z € T(TP"(C)) and F € ['(so( TP"(C))).
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Proof of the main theorem

Theorem 4.1 (M. Boucetta-H. Essoufi, Mediterr. J. Math.
(2020). )
Let (M, (, )tm) be a connected Riemannian manifold. Then the

supra-curvature of (M, (, )1m, k) vanishes if and only if the
Riemannian universal cover of (M, (, )1m) is isometric to

(R, (, )o) x S™ <\/E> X ... X S <\/§> where S™ < g) is

the Riemannian sphere of dimension n;, of radius \/g and constant

curvature %
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Proof of the main theorem

Proof.

(1) If the supra-curvature of (M, (, )7m, k) vanishes then the
supra-curvature of the Riemannian covering (N, (, )n) of
(M, {, Y1m) vanishes since m: N — M is a local isometry.
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Proof of the main theorem

Proof.

(1) If the supra-curvature of (M, (, )7m, k) vanishes then the
supra-curvature of the Riemannian covering (N, (, )n) of
(M, {, Y1m) vanishes since m: N — M is a local isometry.

(2) Then (N, {, )7n) is locally symmetric and hence symmetric.
Moreover, its sectional curvature is non-negative. (See
Proposition 3.2)
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Proof of the main theorem

Proof.

(1) If the supra-curvature of (M, (, )7m, k) vanishes then the
supra-curvature of the Riemannian covering (N, (, )n) of
(M, {, Y1m) vanishes since m: N — M is a local isometry.

(2) Then (N, {, )7n) is locally symmetric and hence symmetric.
Moreover, its sectional curvature is non-negative. (See
Proposition 3.2)

(3) (N7<7 >TN):(E7<’ >0)X(Nl’<7 >1) X"'X(NP7<7 >P)
where (E, (, )o) is flat and the (N, (, );) are irreducible
symmetric spaces with non-negative sectional curvature. (See
Theorem 3.2)

Ol
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Proof of the main theorem

Continued.

(4) Foreach i =1,...,p, N;is an irreducible symmetric space
with non-negative sectional curvature and hence it is Einstein
with positive scalar curvature and hence compact. (See
Proposition 3.6 and Meyer's Theorem.)
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(4) Foreach i =1,...,p, N;is an irreducible symmetric space
with non-negative sectional curvature and hence it is Einstein
with positive scalar curvature and hence compact. (See
Proposition 3.6 and Meyer's Theorem.)

(5) The vanishing of the supra-curvature of (N, (, ) 7w, k) implies

the vanishing of the supra-curvature of (N;, (, );, k) for
i=1,...,p (See Proposition 3.1).
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(4) Foreach i =1,...,p, N;is an irreducible symmetric space
with non-negative sectional curvature and hence it is Einstein
with positive scalar curvature and hence compact. (See
Proposition 3.6 and Meyer's Theorem.)

(5) The vanishing of the supra-curvature of (N, (, ) 7w, k) implies
the vanishing of the supra-curvature of (N;, (, );, k) for
i=1,...,p (See Proposition 3.1).

(6) If dim N; = 4 then, according to Jensen's Theorem, N; is
isometric to S*(r), S?(r) x S2(r). (P?(C) has a non vanishing
supra-curvature by virtue of Proposition 3.8).
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Foreach i=1,...,p, N; is an irreducible symmetric space
with non-negative sectional curvature and hence it is Einstein
with positive scalar curvature and hence compact. (See
Proposition 3.6 and Meyer's Theorem.)

The vanishing of the supra-curvature of (N, {(, )7, k) implies
the vanishing of the supra-curvature of (N;, (, );, k) for
i=1,...,p (See Proposition 3.1).

If dim N; = 4 then, according to Jensen’s Theorem, N; is
isometric to S*(r), S?(r) x S2(r). (P?(C) has a non vanishing
supra-curvature by virtue of Proposition 3.8).

If dim N; # 4 then N; = G/K as in Proposition 3.7 and the
vanishing of the supra-curvature of N; implies that ®, ,j is an
ideal of so(p, (, )p)-
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If dim N; = 4 then, according to Jensen’s Theorem, N; is
isometric to S*(r), S?(r) x S2(r). (P?(C) has a non vanishing
supra-curvature by virtue of Proposition 3.8).

If dim N; # 4 then N; = G/K as in Proposition 3.7 and the
vanishing of the supra-curvature of N; implies that ®, ,j is an
ideal of so(p, (, )p)-
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Proof of the main theorem

Continued.

(8) Since the curvature of N; is different from zero then ®, . # 0
and hence @, ;1 = so(p, , )p)-
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Proof of the main theorem

Continued.

(8)
(9)

Since the curvature of N; is different from zero then &y, ,; # 0
and hence @, ;1 = so(p, , )p)-

Let n; = dim N; = dimp. Then

n,-(n,- — 1) ‘

dim€ > dim ®; > dimso(p) = >
So .
dim G =dim¢+n; > n,(n,2+)

But the dimension of the group of isometries is always less or
equal to W with equality when the manifold has constant

curvature. Thus dim G = w and hence N; has constant

curvature. This completes the proof.
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