THE AFFINE GROUP OF A SMOOTH MANIFOLD

MEHDI NABIL

1. INTRODUCTION

The goal of these notes is to explore various results concerning the group of affine
transformations of a smooth manifold endowed with a linear connection. Many of
those results involve the isometry group of a Riemannian manifold and its relation
to the group of affine transformations for the Levi-Civita connection.

Let M be an n-dimensional smooth manifold. For any x € M, we call a frame
on M at x any linear isomorphism R" —=5 T, M, the set of such frames will be de-
noted L(M),. Clearly, the general linear group GL(n,R) acts naturally on L(M),
via the map:

L(M)x XGL(TL,R) _)L(M):h (Z,g)’-)ZOg,
and it is not hard to see that this action is simply transitive. Now define

L(M) = HwE]V[L(M)z

and consider the projection w : L(M) — M given by n(L(M),) := «.

Proposition 1.0.1. Let M be an n-dimensional manifold. Then L(M) — M is
a smooth principal GL(n,R)-bundle over M called the frame bundle of TM such
that for any local frame {En, ..., En} of TM defined on an open subset U C M ,the
map:

UZU—)L(M), ,CCD—){Ellx,...,Enlz}, (1)
is a local (smooth) section of L(M) — M. Conversely, if o : U — L(M) is any
smooth section, then there exists a local frame {En,...,En,} of TM over U such

that o is of the form (1).

In a similar way one defines on a Riemannian manifold (M, (, )) the bundle of
orthonormal frames O(M) := Il,cpO(M), where each O(M), consists of linear
isometries (R”, (, )o) — (TuM,(, )z). It is clear that O(M) C L(M), on the
other hand the orthogonal group O(n) acts simply transitively on O(M).

Proposition 1.0.2. Let (M,({ , )) be an n-dimensional Riemannian manifold.
Then O(M) -~ M is a smooth principal O(n)-subbundle of L(M). If {E, ..., E,}
is any local, orthonormal frame of TM defined on an open subset U C M then the
map:

O'I(]—)L(]\f)7 xH{Ellw,...,Enlz}, (2)
is a local (smooth) section of O(M) - M. Conversely, if o : U — O(M) is any
smooth section, then there exists a local orthonormal frame {Ex,...,En} of TM

over U such that o is of the form (2).
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Any diffeomorphism f : M — M induces a principal bundle automorphism
fe : L(M) — L(M) such that the following diagram is commutative:

Explicitly, for any z € L(M) we have f.(z) := Tr(.)f o 2. Define on L(M) the
R"-valued 1-form 0 € Q'(L(M),R") given by 0,(v) := 2~ }(T,7(v)), we call it the
canonical form of L(M). We have the following result:

Proposition 1.0.3. Let M be a smooth manifold and let 6 denote the canonical
form of the frame bundle L(M). If f : M — M is any diffeomorphism of M
then f. preserves 0. Conversely, if A : L(M) — L(M) is any fiber-preserving
transformation leaving 6 invariant, then A = f. for some f € Diff (M).

Proof. Let z € L(M) and v € T,L(M), then:

(f70)=(v) = 05 (T:fe(v))
(fe ()" (Tr. oy 0 T2 fi(v))
(

= (fer) N (Te(mo f)(v))
= (f2) N (Tu(f o m)(v)
= (fex) ' 0 Tr(y f o Tom(v)
= 2z loT.m(v)

0.(v).

Conversely, we first notice that since A : L(M) — L(M) is fiber-preserving, the
map:

fiM— M, f(z)=mn(A(2), z€n '(z),
is a well-defined diffeomorphism of M. Now:

(A%0).(v) = 04 (T A(v)) = A(z)f1 oTryfo T.7(v),

so A will preserve 0 if and only if A(z)~! o Ty, f = 2z~ for any z € P which is
exactly what A = f, means. I

Proposition 1.0.3 states that the morphism Diff (M) 5 Aut(L(M)), f — f«
sends the group of diffeomorphisms of M isomorphically onto the subgroup of au-
tomorphisms of L(M) preserving the canonical form 6.

Definition 1.0.1. Let G be a Lie group with Lie algebra g. A connection form on
a principal G-bundle P —= M is a 1-form w € QY(P,g) satisfying:

1- For any z € P and any A € g, w.(A.) = A where A is the fundamental
vector field on P corresponding to A, i.e

~ d
Teo? exp(—tA).

Z::
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2- For any g € G and any z € P, v € T,(p),
(Ryw):(v) = Adg-1 (w2 (v)),
with Ry : P — P being the map z — 2z - g.

Let now V be a linear connection on M. A diffeomorphism f : M — M is called
an affine transformation with respect to V if it satisfies f,(VxY) = V¢, x f.Y for
any X,Y € X(M) where f,X is the vector field on M given by:

(fX) =100y = (Tof) 7 (Xa)-

The group of such transformations will be denoted Aff(M, V). On the other hand,
we say that X € X(M) is an affine vector field if it generates a local 1-parameter
group of affine transformations. We are going to prove in this paragraph that
Aff(M, V) is a Lie group of dimension < n? + n when given the compact-open
topology. The idea is to reinterpret the group of affine transformations as a sub-
group of Aut(L(M)) via the identification provided by Proposition 1.0.3, but in
order to do this we need an artifact that represents the linear connection V on the
frame bundle L(M). It turns out that the notion of connection form is the adequate
solution for this task, more precisely we have the following:

Proposition 1.0.4. Let M be a smooth manifold and V a linear connection on M.
Then there exists a unique connection form w on L(M) such that for any local sec-
tion o := {Ey,...,E,} of L(M) defined on U, 0*w =T where T € QY (U, gl(n,R))
is given by:

n
VE; = ZFijEj.
j=1

Conversely, any connection form w on L(M) gives rise to a linear connection V on
M by means of the previous expression.

Proposition 1.0.5. Let M be a smooth manifold, V a linear connection on M
and w the connection form on L(M) corresponding to V. Let f : M — M be a
diffeomorphism, then:

1- f e Aff(M,V) if and only if f. preserves the connection form w.
2- Conversely, any fiber-preserving tranformation A : L(M) — L(M) leaving
both 0 and w invariant is of the form A = f. for some f € Aff(M,V).

Proof. Define on M the linear connection v by the expression:

VxY = (f) " (Vx [.Y)

Fix an open subset U C M and let {E1,..., E,} be a local frame of TM defined on
U which correponds to a local section o : U — L(M). Clearly {f.E1,..., f«En}
defines a local frame of TM over V := f~}(U) and the corresponding local section
is exactly frlooo f:V — L(M). For convenience put g := f~! and write:

VE; = ZFZJEJ, V(f.E: Zr”f* )
j=1
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where T := (Ty;)i; € QY(U, gl(n,R)) and T := (I';;)i; € Q'(V,gl(n,R)). On the
other hand, a direct computation shows that for any x € U:

(VEE)e = 0(Vip i E)e = Ty f(Vip feEi)g(a)

Zrij((f*Ek)g(x))Ei\x

j=1

n

Jj=1

Therefore ¢*I' = I and thus o*(g*w) = I. In summary we proved that g*w is
the (unique) connection form on L(M) defining V. So f: M — M is an affine
transformation i.e V =V if and only if w = f*w. I

Theorem 1.0.1. Let M be an n-dimensional smooth manifold with a global trivi-
alization {X1,...,Xn} of TM. Denote G the group of transformations preserving
this trivialization, i.e diffeomorphisms f : M — M satisfying Ty, f(X;|2) = Xi| () -
Then G possesses a unique Lie group structure for the compact-open topology such
that dim G < dim M. More precisely for any p € M, the map:

G— M, [~ [f(p),

is an imbedding of G onto a closed submanifold of M, and the submanifold structure
on the image is what makes G a Lie transformation group. Moreover the Lie algebra
of G consists of complete vector fields whose 1-parameter subgroups are in G.

Theorem 1.0.2. Let M be a smooth n-dimensional manifold and V an affine con-
nection on M, then Aff(M, V) is a Lie group for the compact-topology of dimension
< n?+n. More precisely for any z € L(M) the map:

Aff(M,V) — L(M), [~ fu(2),

is injective and its image is a closed submanifold of L(M). The submanifold struc-
ture on its image makes Aff(M,V) a Lie transformation group. Its Lie algebra
consists of complete affine vector fields on M.

Proof. First some preparation. For any x € M, Recall that since GL(n,R) acts
simply transitively on P, := 7~ !(x), the map GL(n,R) — P,, g — z - g and its
differential gl(n,R) — T, P,, A — %tzoz-exp(tA) is therefore an isomorphism. In

other words for any v € T, P, there exists a unique A € gl(n,R) such that v = A,.
On the other hand it is clear that T,7(T,P,) = 0 and since T,7 : T,P — T, M is
surjective we get that ker(T,7) = T, P,.

Denote w the connection form on P := L(M) corresponding to V and consider

the map TP — P x (gl(n,R) x R"), Z — (p(Z),w(Z),0(Z)), then one easily
checks that the following diagram is commutative:

TP

P x (gl(n,R) x R™)

p
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i.e the previous map is a vector bundle homomorphism. In fact, this map defines
a global trivialization of T'P, to see this we first notice that this map is surjective
given that 7 : P — M is a submersion so any v € R™ is of the form v = 6,(w)
and that A = w(A) for any A € gl(n,R). Let v € T,P such that 6,(v) = 0 and
w,(v) =0, then:

0=10.(v) =2z T.n(v)),

hence v € ker(T.m) := T.Py(.), on the other hand write v = A, for some A in
gl(n,R) then we get that

0=w,(v) =w.(A,) = A,

and so v = 0, consequently ¢ is injective. On the other hand if o : U — P is any
local section one can define the map:

ny ¥ T
Py x (gl(n,R) x R") — Py, Agr(z)) T (Tr(2)0)(0x(2)(v)),

it is clear that 1 is a smooth map and one checks without difficulty that ¢ oy = Id
and thus ¢ is a local diffeomorphism, hence we conclude that ¢ is a vector bundle
isomorphism. Finally, let ' : P — P be any fiber preserving transformation
leaving 6 and w invariant and choose v € R™ and A € gl(n,R) such that (z, A,v) =
¢(w). Then:

¢oT.F(w) = (F(2), (F'w):(w), (F70):(w)) = (F(2), w:(w), 0. (w)),

which means that T, F(¢~ (2, A,v)) = (F(z), A,v) and so F preserves any global
frame of TP defined by ¢. By Theorem 1.0.1 we get the desired result. |}

The remaining part of this section will be dedicated to prove that the isometry
group of a Riemannian manifold is also a Lie group by following the same footsteps
of the previous paragraph.

Assume now that (M,( , )) is a Riemannian manifold and let V be a metric
connection on M, i.e for any X,Y,Z € X(M), XY, Z) = (VxY,Z)+ (Y, VxZ).
Let {E4,...,E,} be a local orthonormal frame of TM defined on an open subset
U C M and write

VE; = i F,JE]
j=1

Then we get that I';; = —T'j; or in other terms I' € Q'(U,s0(n)). Thus if @ is
the connection form on L(M) corresponding to V then its restriction w to the or-
thogonal frame bundle O(M) is so(n)-valued and defines therefore a connection
form on O(M) and it is in fact the only connection form on O(M) representing V.
Conversely any connection form on O(M) admits a unique extension to L(M) and
defines therefore a metric connection V on M.

Denote Isom(M, (, )) the isometry group of the Riemannian manifold (M, (, )).

Proposition 1.0.6. Let (M,(, )) be a Riemannian manifold, V its Levi-Civita
connection and w the connection form on O(M) representing V.
1- A diffeomorphism f: M — M is an isometry if and only if f+(O(M)) =
o(M).
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2- If A: O(M) — O(M) is a fiber-preserving transformation leaving in-
variant the canonical form 0 of O(M), then there exists a unique isometry
f: M — M such that A = f,.

3- Any (principal) bundle automorphism O(M) — O(M) leaving 0 invariant,
leaves w invariant.

Proof. The first point is the definition of a Riemannian isometry, the argument
for the second point is the same as in Proposition 1.0.5. For the third point,
observe that since V is torsion-free, then w is torsion-free as well i.e the 2-form
T € Q*(O(M),R™), called torsion form of w, given by:

T:=wAb0+db, (3)

vanishes. Let A : O(M) — O(M) be a bundle automorphism, then A*w is a
connection form on O(M). Since A preserves the canonical form 6, we get from
expression (3) that A*w is torsion-free as well, so by uniqueness of the Levi-Civita
connection we conclude that A*w = w. I

Theorem 1.0.3. Let (M,{, )) be a Riemannian manifold, then Isom(M,( , ))
with the compact-open topology is a Lie group of dimension < % In fact for

any z € O(M), the map:
Isom(M, (, )) — O(M), f— f.(2),

is an imbedding and its image is a closed submanifold of O(M). If V is the Levi-
Civita connection of { , ) then Isom(M,( , )) is a closed subgroup of Aff(M,V).
Its Lie algebra consists of complete Killing vector fields on M.

Proposition 1.0.7. Let (M,{ , )) be a Riemannian manifold, then the natural
action of Isom(M,{ , )) on M is proper. In particular if M is compact then
Isom(M, (, )) is compact.

Proof. Choose a compact K C M and put G = {f € Isom(M), f(K)NK # 0}.
Let (fy)n be an arbitrary sequence of Gk, then for any n € N we can find p, € K
such that f,(p,) € K. Since K is compact we can assume without loss of gener-
ality that (f,(pn))n is convergent and we denote ¢ € K its limit, similarly there
exists a subsequence (py(n))n Of (Pn)n converging to some p € K and therefore

(fo(n) Pe(n)))n is also convergent.

Denote d : M x M — RT the geodesic distance, which is preserved by elements
of Isom(M, (, )), hence:

d(fga(n) (p)a q) d(ftp(n)(p)v fga(n) (pap(n))) + d(fcp(n) (ptp(n))v (])

<
< AP Pon)) + A fom)(Ppm)) @) — 0.

n—-+oo

Next put p = 7(2) with z € O(M) and C = {f ) (p), n € N} U {q}, then
C is a compact subset of M and since O(n) is compact we get that 7=1(C) is a
compact subset of O(M) containing the sequence ((fy(n))«(2))n and so it has a
convergent subsequence ((fy(n))«(2))n. Theorem 1.0.3 implies that {f.(z), f €
Isom(M)} is closed submanifold in O(M) so ((fy(n))+(2))n converges to f.(z) for
some f € Isom(M, (, )) and by the same result we get that (fy))n converges to
fin Isom(M, (, }). We conclude that G is compact and so Isom(M, (, )) acts
properly on M. 1
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2. RESULTS ON THE DIMENSION OF THE AFFINE GROUP OF A MANIFOLD

In this section we state some results that illustrates how the dimension of the
group of affine transformations affects the global structure of the manifold. The
main paragraph of this section relies on the notion of parallel transport along curves
and its how it is perceived from the perspective of the frame bundle, and this will
be our starting point.

Let M be an n-dimensional smooth manifold and V a linear connection on M.
Let 7 : [0,1] — M be a smooth a curve, then V provides a unique linear operator
denoted Dy : T'(y"'TM) — T'(y"'T M) satisfying:

Dy(fV) = f'V+fDyV, feC®(0,1,R), Vel (y 'TM),
we call it the covariant derivation along v, here T'(y~*T'M) is the space of vector

fields along 7 i.e smooth maps V' : [0,1] — T'M such that V(t) € T M. In a
local frame {F},..., E,} where VE; = Z?zl I';;E; we get that:

=Y (H®+ X B OT5G) By, (4)
k=1 i,j=1
where V(t) = > fi(t)Eijy) and ¥(t) = > gi(t) Eijy ). We say that V' is parallel
along v if D5V = 0, using that equation (4) is a linear system of ordinary differential
equations one gets the following important result:

Theorem 2.0.1. Let M be an n-dimensional manifold with a linear connection V
and v : [0,1] — M a smooth curve. For any v € Ty\M, there exists a unique
parallel vector field V' along ~y satisfying V(0) =v. We call V' the parallel transport
of v along ~.

Let w be the connection form on L(M) representing V, for any basis {e1,...,e,}
of T0yM one obtain a parallel frame {E,...,E,} along v i.e E; is the par-
allel vector field along v satisfying F;(0) = e;, and it is an easy matter to see
that {E1(t),...,E,(t)} is a basis of T.;)M, thus one obtains a smooth curve
7 :[0,1] — L(M) given by:

F(t) = (E1(t), ..., En(t)),
such a curve is called the horizontal lift of v to L(M) through {es,...,en}.

Proposition 2.0.1. Let M be an n-dimensional manifold with a linear connection
V and let v : [0,1] — M and « : [0,1] — L(M) be smooth curves. Then « is
a horizontal lift of v if and only if mo o = v and wau)(&(t)) = 0, where w is the
connection form corresponding to V.

Proof. Since m(a(s)) = y(s) forany 0 < s < 1, we can write a(s) = (V1(s),..., Va(s))
where V; € T'(y"'TM). Next choose a local frame {Ej,...,E,} of M defined on
an open subset U C M and let € > 0 such that y(]Jt — €t + 6[) C U then write:

s) = Zgij(s)ij(s)v VE; = ZrijEj7 (5)
j=1 j=1
for s €]t — €,t + ¢[. Then it is straightforward to prove that:

D3Vit) = (9/(6) + 9(t) - Ty (5(8))) - By
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where g := (gi;)i; € C>([0,1], GL(n,R)) and I" := (I';;); ;. On the other hand if
o : U — L(M) is the local section corresponding to {E, ..., E,} then (5) means
exactly that a(s) = o 0 y(s) - g(s)~1, for convenience denote §(s) := g(s)~!. Thus:

B0 = Tow Ry (07 O+ 52 (0020405

Toor) (1) Ry ((a07) (1)) + %‘S:t(a oy)(t)-g(t) - (g(t)g(s))
h(s)

Now s — h(s) is a curve in G satisfying h(t) = e and therefore:

d%\m(g RO ORIOES O

where h/(t) is the fundamental vector field on L(M) corresponding to —h/(t) =
—g(t)g'(t). Thus using that Rjw = Adg-(w) and w(A) = A we get from the
previous computation:

way(@(t)) = g(t) (0" w)y ) (F(t) - gt) " — g(t)g' (t)
= g(t) Ty (1) - g(t) " — g(t)3' ()
= g(t)-Tyy(3(®) - g(t) " =g’ ®a) ™" (d'(9)3(s) = 1)

= (90 TG —g®) -9
So we conclude that wq ) (&(t)) = 0 if and only if D4 V(t) =0 forall 1 <i <n. I

Recall that a vector field Z on L(M) is called horizontal if w(Z) = 0 and standard
if §(Z) is a constant function.

Proposition 2.0.2. Let M be an n-dimensional manifold with a linear connection
V and w the connection form of V on L(M).
(1) Let Z be a standard horizontal vector field on L(M). For any z € L(M),
the curve defined by v(t) := w(¢Z(2)) is a geodesic on M.
(2) Conversely, given a geodesic 7y : [—a,a] — M, there exists a local standard
horizontal vector field Z on L(M) and € > 0 such that v(t) = pZ(2) for
any —e <t <e.

Proof. Let z € L(M) then there exists € > 0 such that the curve a :] —¢, e[— L(M)
given by a(t) = ¢Z(z) is well-defined and smooth. Define v(t) = 7w(a(t)), since
Wat) (@' (t)) = wa)(Za(r)) = 0 then Proposition 2.0.1 gives that « is a horizontal
lift of v on L(M), therefore if we write:

alt) = (Vi(t),...,Va(t), VieT(y 'TM),

we get that {V1,...,V,} is a parallel frame along . On the other hand if we write
0.(Z,) = (a1,...,a,) then we get that:

V(1) = Tay™(Za() = a(t) Oa)(Zaq)) = (t)(0:(Z2)) = Z a; Ei(1)

which shows that +' is parallel along v i.e vy is a geodesic.

Conversely, let v : [—a,a] — M be a geodesic and let U be a normal neighborhood
of p :=~(0) in M, i.e there exists an open neighborhood V' of 0 in T, M such that
exp, : V. — U is a diffeomorphism. For any x € U, there exists a unique normal
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geodesic t — (exp,(texp,’(x))) joining p to xz, denote cv, : [0,1] — L(M) its
(unique) horizontal lift through z € L(M), and define:

Za.(1) = (1)
It is clear from this definition that w,(Z,) = 0 and by uniqueness of the horizontal
lift, one proves that o, (t) = Z,_ ). Furthermore be shown that Z defines a smooth
vector field on a neighborhood of any z € L(M). ) in which case o (t) = @7 (2).

Since v is a normal geodesic in a small neighborhood | — €, €[, we get the desired
result. I

Denote aff(M, V) := Lie(Aff (M, V)), any X € aff(M, V) defines a smooth vector
field X of L(M) given by:
d
S exp(tX).(2).
It is clear that X is a complete vector field on L(M).

Proposition 2.0.3. Let M be an n-dimensional manifold, V a linear connection

on M, and let X € aff(M, V). Suppose that w,(X,) =0 for some z € L(M). Then
the curve v : R — M, ~(t) = exp(tX) - x with x = 7(z) is a geodesic and its
horizontal lift at z is the curve 4(t) := exp(tX).(2), t € R.

Proof. Put 4(t) = exp(tX).(z), then clearly m(%(t)) = ~(¢), moreover from the

relation exp(tX)*w = w we get that Wexp(tx).(Xexp(tx).2) = wz(Z2) = 0 which
means that 4 is the horizontal lift of v through z, in particular if z = (eq, ..., e,)
then:

A(t) = (Ex(t), ..., En(t)),
E; being the parallel transport of e; along . Moreover exp(tX)*6 = 6 gives that
Ocxcp(tx). = (Xexp(tx).2) = 02(X;) so if we put 0.(X.) = (a1,...,a,) we get that:

Y (t) = Ty iy (X)) = 5 0400 (Xs0))) = () (0:(X2)) = ZaiEi(t)'

Hence ~' is parallel along 7, i.e v is a geodesic. |

Theorem 2.0.2. Let M be an n-dimensional manifold with a linear connection V.
Then dim(Aff(M,V)) =n(n+ 1) if and only if M is an ordinary affine space with
the natural flat affine connection.

Proof. Denote G := Aff(M, V) and for any € M denote G, the isotropy at z for
the natural action of G on M. First note that the map:

Gz — GL(T; M), foT.f (6)

is an injective Lie group homomorphism. Assume now that dim G = n(n+1), then
let © € M and z € L(M) such that m(z) = z. Since the map:

G5 L(M), [ fu(2)

is an imbedding of G onto a closed submanifold of L(M) and dim L(M) = n(n+1),
then either U(G) = L(M) or ¥(G) is a connected component of L(M) and in any
case we get that M = G - x ~ G/G,, therefore:

dim G, = dim G — dim M = n?.
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This gives in particular that G = GL™ (T, M) under the identification (6). Now
let + > 0 and consider the transformation 4, € GL™ (T, M) given by A;(u) = tu.
From the previous remark there exists f; € G% such that T, f; = A;, hence for any
u,v,w € T, M we get that:

At(Ry(u, v)w) = Rf(Atu, Aw)Ayw, At(va(u, v)) = Tzv(Atu,Atv),

therefore RY (u,v)w = t~2RY (u,v)w and TY (u,v) = t " T,Y (u, v) for all t > 0, and
so we conclude that RV =0 and TV = 0.

On the other hand, let Z be a standard horizontal vector field on L(M) i.e w(Z) =0
and 6(Z) is constant where w is the connection form representing V and 6 is the
canonical form of L(M). If g := Lie(G) then there exists a unique X € g such that
Z, = Xz where:
X; = 4 exp(tX).Z, Z€L(M).
dt =0

From Proposition 2.0.3 we get that v(¢) = exp(tX) - x is a geodesic with horizontal
lift at z the curve 4(t) = exp(tX).(z) defined for any t € R. Now v: R — M is
the geodesic with initial conditions v(0) = « and +/(0) = T,7(Z,) and therefore its
horizontal lift at z is exactly

a:]—ee[— L(M), t— SDtZ(Z)a

which proves that « can be extended to all of R. Since z € L(M) was arbitrary we
get that Z is complete, and since we know by Proposition 2.0.2 that geodesics of M
are exactly the projections of integral curves of standard horizontal vector fields,
we conclude that M is (geodesically) complete.

Consider now the universal cover M of (M,V) with its induced induced linear
connection, then there exists an affine transformation M — R”. Next M = M /T
where T" is a discrete subgroup of Aff(M,V) ~ GL(n,R) x R™ hence commuting

with AH'(M,V)O ~ GLT(n,R) x R™. But one can show with ease that only the
trivial element commutes with connected component of GL(n,R) x R™ hence I is

trivial and M is itself simply connected i.e M=M , this completes the proof. |

Theorem 2.0.3. Let M be an n-dimensional manifold with an affine connection
and assume that dim Aff(M, V) > n?. Then V is torsion-free.

This result is a consequence of the following algebraic Lemma:

Lemma 2.0.1. Let V ba an n-dimensional vector space and T :' V XV — V a
non-trivial skew-symmetric bilinear map i.e T € V @ A2V*. Denote H the subgroup
of linear transformation preserving T, then dim H < n? — n.

Proof of the Theorem. Denote G := Aff(M, V) then let x € M and denote G, the
isotropy at z for the natural action of G on M, then from G/G, ~ G - x we get:
dim(G,) > dim(G) — dim(M) > n®* —n (7)
On the other hand denote TV the torsion tensor of V, then for every f € G, we
get that:
TIV(Txf(U),Tzf(’U)) = Trf(Ta:v(u’v))v u,v € T M.



THE AFFINE GROUP OF A SMOOTH MANIFOLD 11

Therefore the group {T.f, f € G.} ~ G, preserves TY, but according to the
previous Lemma and (7) we conclude that Ty = 0 for any x € M, i.e V is torsion-
free. 1

Another result in the same spirit is the following Theorem due to Egorov [3] and
can be proved by essentially the same procedure:

Theorem 2.0.4. Let M be an n-dimensional manifold and V a linear connection
on M such that dim Aff(M,V) > n?. Then V has neither torsion nor curvature
provided that n > 4.

3. RELATION BETWEEN THE ISOMETRY GROUP AND THE AFFINE GROUP OF A
RIEMANNIAN MANIFOLD

In this section, we go through a number of results that have treated the relation
between the group of affine transformations and the isometry group in the case of
a Riemannian manifold. These results exploit the holonomy Riemannian manifolds
along with the De Rham decomposition theorem in order to get to conclusions,
therefore we begin by introducing the notion of holonomy.

Let M be an n-dimensional manifold and V a linear connection on M. For any
smooth curve v : [a,b] — M one can define a map T:l”b c TyayM — Ty M by
the formula 7, ,(v) = V(b) where V' € [(y~!TM) is the parallel transport of v
along v (relative to V). It is clear that this map is linear since V' is a solution of a
system of linear ordinary differential equations, furthermore:

Proposition 3.0.1.

(1) 77, does not depend on the orientation-preserving parametrization of the
curve 7.

(2) Denote v, := Vlasto] G Y2 = Vjto,p] ©-€ Y = V1 * Vo, then:

0 . ) Y1
Tab = Tto,0 © Tayto-

(3) For any smooth curve y, ), is an isomorphism and its inverse is exactly

the linear operator 7  : TypyM — Ty M with v~ (t) = y(a+b—1t).
Proof.

(1) & (3)- Choose a diffeomorphism ¢ : [¢,d] — [a,b] and put @ = yo . Let V
be the parallel transport of v € T ()M along v and W :=V o . Next, write:

V(p(s)) = Z%(@(S))Eua(s), Y(p(s)) = Zfi(@(s))Eua(s)
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for any s €]t — €,t + €], where {Fy,..., E,} is a local frame of M defined on an
open subset U and (]t —€,t 4+ €]) C U. Since &(s) = ¢’(s)%(¢(s)), then:

DyW(s) = Z@/(S)gé(sﬁ(s))Eua(s)+Zgi(80(5))(vdEi)\a(s)

= Zw Bijags) + Z N F5(2(9) (V iz, B o)
= w’(s)(DW)(w(s))

= 0

Thus D,W(t) = 0 for any t € [¢,d] i.e W is parallel along «, moreover if ¢ is
orientation-preserving we get that W is the parallel transport of v along «, thus:

Tea(v) = W(d) = V(b) =7, (v).
In the case where [c,d] = [a,b] and ¢(t) = a+ b —t i.e a« =~ then we get that:

Tow 0 Tap(0) =70, (V(0) = 7, ,(W(a)) = W(b) = V(a) = v.

(2)— Let V be the parallel transport of v € T, ()M along v and denote V; the
parallel vector field along v, satisfying Vi (a ) = v and V5 the parallel vector field
along 7y, with initial condition V2(tg) = Vi(tg). Then by uniqueness of parallel
transport and the expressions of v, and v,, we get Vi = V|[44,) and Vo 1= V|z, -
In particular:

Tily 0 Take (V) = 702, (V(t0)) = V(b) = 7, , (v).
This ends the proof. i

These properties allows to extend the definition of 7, for piecewise smooth
curves v : [a,b] — M by setting:

YooY ¥ Y ¥
Tab = Tib O Tty 1ty © ©Ttyta © Taytys

where a = tg < t; < -+ <t < tp+1 = b is any subdivision of [a, b] such that the
curve Y, 4., 18 smooth. The previous properties extend to this situation as well:

Proposition 3.0.2. Let M be a smooth manifold with a linear connection V. Then:

(1) 77, does not depend on the orientation-preserving parametrization of the
piecewise smooth curve v : [a,b] — M.

(2) Given two piecewise smooth curves 7, : [a,b] — M and v4 : [b,c] — M
such that v4(b) = v, (b) then 7ok > = T2 0 TZ}b.

(3) For any piecewise smooth curve 7y : [a,b] — M, Tz,b 18 invertible with

; 2l
muverse Ta,b .

It is more conven.ient therefore to denote 7, , by Tz(a)ﬁ(b) instead or just Tz(a)
when + is a loop. Fix zg € M and define:
Holy, (M, V) := {1} : ToueM =5 T, M, 7 is a loop based at z}.

Using the above observations, it is clear that Hol,, (M, V) is a subgroup of GL(T,,, M)
called the holonomy group of (M, V) at xg. We also define the restricted holonomy
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of (M,V) at zo to be:
ﬁamo (M, V) = {1}, : TouM = T, M, 7y is a contractible loop based at zo},

which is obviously a subgroup of the holonomy group since concatenation and in-
verse of contractible loops remains contractible. It is also straightforward to see
that Hol,, (M, V) is normal in Hol,, (M, V).

Theorem 3.0.1. Let M be a smooth manifold and V a linear connection on M.
The holonomy group Hol,,(M,V) possesses the structure of an (immersed) Lie
subgroup of GL(Ty, M) and Hol,, (M, V) = Hol,, (M, V)°.

Proof.

We start by proving that Hol,, (M, V) is arcwise connected. Let g € Hol,, (M, V),
then there exists a piecewise smooth loop 7y based at zy homotopic to the constant
loop x¢ such that g = 77 . Denote F : [0,1] x [a,b] — M this homotopy, i.e:

F(0,t) =~(t), F(1,t) = x0, F(s,a) = F(s,b) = xo.

Put F(s,t) := ~,(t), clearly each loop 7, is contractible as well and one can assume
without loss of generality that ~, is piecewise smooth for any 0 < s <1, so we get a
correspondence « : [0,1] — HNOLEO(M, V), s+ 1) with a(0) = g and «(1) = Id.
The claim amounts to proving that « is continuous.

Fix a system of local coordinates (U, x!, ..., x™) centered at zg. For every 0 < s < 1,
F(s,1) = zp € U therefore we can find an open neighborhood Us of s in [0, 1] and
0 < a5 < 1 such that F(Us x [as,1]) C U. Since [0, 1] is compact, it is the union of

finitely many U,, with 1 < ¢ <r, so if we put a = 1r21a<>< as;, < 1 we obtain that:
i<r

F(0,1] % [a,1]) = F(( U U) x [a, 1}) - U F(U,, % [a,1]) C U.

A similar argument allows to choose a < 1 such that every v, is smooth on [«, 1].

Now let v € T,,, M and denote V; the parallel transport of v along v,. Put E; := a(z'i

and write for any a <t < 1:

Vs(t) = Z fi(8:) Eijps,t)s E(Sﬂf) = Zgi(sat)Ei\F(s,t)a VE; = ZE;‘EJ‘-
i=1 i=1 j=1

Then Vj|(q,1) is the solution of the following system of ordinary linear differential
equations:

> (%(s,t) + Qj(svt)fz’(s,t)rfi(F(s,t)))Ele(&t)

k=1 i,j=
It is clear that the coefficients of this system are all continuous (in fact uniformly
continuous) with respect to the parameter s, therefore we get that the solution
[0,1] X [, 1] — R™, (s,t) = (f1(s,t),..., fn(s,t)) is continuous as well, in par-
ticular one obtains that the map [0,1] — T, M, s — V5(1) = a(s)(v) is also
continuous for every v € T, M. Since T, M is a finite-dimensional vector space we
conclude that « : [0, 1] — Hol,,, (M, V) is continuous.

By Yamabe’s Theorem we get that the restricted holonomy group I/-_I\Jlmo (M, V)
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has the structure of an (immersed) Lie subgroup of GL(T,,M). Next, observe that
there exists a well-defined group homomorphism:

7T1(M7 :C()) — HOIZL’O (M7 V)/i{\o/lxo (Mv V)u [’V] = [T;{o}v

proving that the quotient Hol,, (M, V)/ITI\O/IQE0 (M, V) is at most countable. Using
this we can show that }To/lwo (M, V) is the identity component of Hol,, (M, V), and
since Hol,, (M, V) is second-countable with countably many connected components,
it has the structure of an (immersed) Lie subgroup of GL(T,,M). 1

If M is connected, the holonomy group at any point is essentially the same, in
the sense of the following result:

Proposition 3.0.3. Let M be a connected manifold with a linear connection V
and let x,y € M. Then for any piecewise smooth curve 7 : [a,b] — M joining x
to y, the map:

Hol, (M, V) — Hol, (M,V), g+ 7} ,0g0(rl,)""

is an isomorphism.
Proof. Straightforward I

In what follows (M, (, )) will always be a connected Riemannian manifold with
Levi-Civita connection V. Then following that V{ , ) = 0 we get that for any
smooth curve 7 : [a,b] — M and any V,W € I'(y"1TM):

d
dt
In particular if V' and W are parallel along v then ¢ — (V(¢), W(t)) is a constant

map and therefore (7, ,(v), 7, ,(w)) = (v, w). This leads to the following result:

(V(£), W(t)) = (DyV (1), W(t)) + (V(t), DsW(2))-

Proposition 3.0.4. Let (M,{ , )) be a Riemannian manifold with Levi-Civita
connection V. Then Hol,(M,V) C O(T. M, (, )) for any x € M.

We use the symbol Hol, (M, ( , }) instead of Hol, (M, V) in what follows. For any
x € M, we will say that T, M is irreducibe if it is irreducible as a Hol, (M, ( , ))-
module i.e does not admit any proper, non-trival subspace that is invariant by
the action of Hol, (M, ( , }). In view of Proposition 3.0.3 we see that if T, M is
irreducible then T}, M is also irreducible for any y € M. This suggests the following
definition:

Definition 3.0.1. A Riemannian manifold (M, { , )) is said to be irreducible if
T.M is irreducible for some (hence every) x € M.

The next result is a classical Theorem in riemannian geometry and will be es-
sential for the next part:

Theorem 3.0.2 (De Rham decomposition theorem). A simply connected, complete
Riemannian manifold (M, { , )) is isometric to the direct product My X ..., x My,
where My is a Fuclidean space and My, . .., M}, are all simply connected, irreducible
Riemannian manifolds. Such a decomposition is a unique up to an order of the
factors involved.

Corollary 3.0.1. Let (M,(, )) be a simply connected, complete Riemannian man-
ifold and M = My x -+ x My, its de Rham decomposition. Let x = (xg,...,zk),
then:
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(1) The identification Holy,, (M7, (, )) x ...Hol,, (Mg, (, )) — Hol, (M, (, ))
given by (Tal, ..., Tak) = 781 0+ 0T 45 an isomorphism, where o is the
loop given by:

a;(t) = (1, .., (), ..., zk).

(2) Under the previous identification, Hol,,(M;, {, )) is a normal subgroup of
Hol, (M, (, )) acting trivially on Ty, M; for j # i and irreducibly on Ty, M;.
(3) Forany f € At(M,V) and anyi=1,...,k,

for some j=1,... k. If f € AfE(M, V)" then Ty f(Ty, M;) = Ty, M;.

1)0

Proof. We only prove the third point. Let f : M — M be an affine transformation
and choose a piecewise smooth loop v : [0,1] — M based at f(z). Then for any
S TI0 My:
1y
Pl (Tef () = Tuf (7L () = Tuf(0),

thus 77, f (v) is invariant by Hol s,y (M, V) which gives that T, f (T, Mo) = T'(a), Mo-
On the other hand, if w € T,,, M; for i # 0 then:

Ty (Te f(w)) = Tu f ()7 (w)) € To f (T, M),

which shows that T, f (T, M;) is invariant, furthermore if V- C Ty, f (T, M;) is any in-
variant subspace then in the same way (T}, f) ~1(V) is an invariant subspace of T}, M;
thus it is either trivial or equal to T, M; proving that T, f(Ty,M;) is irreducible,
in particular one gets the decomposition of T't)M into the sum of irreducible
subspaces:

TyayM =Tof (TogMo) ® - -+ & To f (Tor, M),

and by uniqueness of such decomposition we conclude that T, f (T, M;) = Ty(2), M;
for some j =1,...,k.

Next let X be a complete affine vector field on M i.e X € aff(M,V), and con-
sider the curve v(t) = exp(tX) - z. Let v; € T;; M;, and consider u : R — R given
by:

u(t) = (Tw exp(tX) (i), 79 (Vi) (0)-
Then w is a smooth function satisfying w(0) = (v;, v;), # 0 and therefore u(t) # 0
for —§ <t < ¢, which shows that T, exp(tX)(v;) € T}, M; for all =6 <t < 4. In
fact since T, M; is finite-dimensional, one can choose § > 0 small enough so that

for any —6 < t < §. The result follows from the fact that Aff(M, V) is generated
by 1-parameter subgroups. I

Theorem 3.0.3. Let M = My X --- X My be the de Rham decomposition of a
complete, simply connected Riemannian manifold (M, , )).Then:

Isom(M, (, >)0 = Isom(Moy, (, >)0 X -+ x Isom(My, (, ))0,
AfF(M,V)? = Aff(My, V)" x - x Aff(My, V)P,

where V is the Levi-Civita connection of M.
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Proof. Consider the homomorphism ¥ : Diff(My) x - x Diff (M) — Diff (M)
which corresponds to any k-tuple of diffeomorphisms (fo, .. ., fi) the transformation
f: M — M given by:

f(wo, ... xx) = (fo(xo), - - -, fr(xr))-

Clearly W is continuous and injective. We claim that f = U(fy,..., fi) is an affine
transformation if and only if f; is an affine transformation for any 0 < ¢ < k. Indeed
let v : [0,1] — M be any piecewise smooth curve and write v := (v, ...,,) then

choose v = vy @& -+ B vg, € Ty(0)M with v; € T, (9)M;, then:

k
Ty fori (v) =Y Ty filriy(v), 703 (Th) f(v) Zn’?i’”T filvi),
=1

which shows that f preserves parallel transports on M if and only if each f; does so
on M; proving the claim. One can also prove in a similar way that f is an isometry
if and only if every f; is an isometry. In particular:

U(Aff(Mp)x- - -x Aff(My)) C Aff (M), P(Isom(Mp)X---xIsom(My)) C Isom(M).

Let f € Aff(M,V)? and pr; : M — M; be the projection on the i-th component
then denote g; := pr; o f, we will show that g;(xo,...,zx) only depends on x;.
Indeed let x = (wo,...,2x) € M, j # i and v; € T,; M; then by (3) of Corollary
3.0.1:
T:9i(vs) = Ty(aypri(Tu f(v;)) = 0
eM;

Therefore if we fix (ag,...,ar) € M and define f; : M; — M, by the expession:

fily) == gilao, ...y, ar),

then f; is a well-defined diffeomorphism of M; and f = U(fo,..., fr). It also follows
that if f € Isom(M, (, ))° then each f; is an isometry. I

Theorem 3.0.4. Let (M, { ,
then Aff(M,V) = Isom(M»<
space.

)) be a complete, irreducible Riemannian manifold,
, )) except when M is a 1-dimensional Euclidean

The proof of this Theorem will be done in two steps: First one proves that on any
such manifold, any affine transformation is homothetic and if furthermore (M, ( , ))
is not Euclidean then homothetic transformations are isometries, the result follows
then by observing that only 1-dimensional Euclidean spaces can be irreducible.

Let (M, (, )) be a Riemannian manifold, and recall that f € Diff(M) is said to
be a homothetic transformation if there exists a positive constant ¢ > 0 such that
(Tof(v), To f(w)) = (v, w) for all zx € M and v,w € T, M, ie f*(, )=c*(, ). It
is a well-known fact that if V is the Levi-Civita of (M, (, }), then the Levi-Civita
connection V for f*(, ) is given by:

VxY = iV x fY), (8)

When f: M — M is a homothetic transformation we get from its definition that
(, ) and f*(, ) share the same Levi-Civita connection i.e V = V, which is to say
that any homothetic transformation is an affine transformation. Conversely:
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Lemma 3.0.1. If (M,{, )) is an irreducible Riemannian manifold, then every
affine transformation f : M — M 1is homothetic.

Proof. According to (8), (, ) and f*(, ) define the same Levi-Civita V. Next
recall that if G C O(V, (, )) acts irreducibly on a Euclidean vector space (V,(, })
and preserves a symmetric bilinear form B : V x V. — R, then B = ¢?( , ) for
some constant ¢ > 0. Applying this result to

(Vv<v >) = (T1M7<7 >5L’)ﬂ G:HOII(M7<7 >) and B = (f*<ﬂ >)Iv

we obtain that for any x € M, (f*(, ). = c2(, ). for some ¢, > 0. Finally, if
y € M is another point and v : [0,1] — M is a piecewise smooth curve joining x
to y, then for every v € T, M:

(), 7))y = (Tyf(r7), Ty f(77(0))) 5 (y)

= (T (T f (), THD (Te f(0))) iy
= (Tuf(v), T f(v)) f(a)
ci(v,v}w.

Since (v,v)y = (12(v), 77(v)), for any v € T, M we get that ¢, = ¢,, completing
the proof. |

Lemma 3.0.2. If (M, (, )) is a complete Riemannian manifold which is not locally
Euclidean, then every homothetic transformation is an isometry.

Proof. Suppose that (M, (, )) admits a homothetic transformation f : M — M
that isn’t an isometry, and write f*(, ) = ¢?(, ) with ¢ > 0. Next notice that
f~! is homothetic as well with ration 1/c, therefore we suppose without loss of
generality that 0 < ¢ < 1.

We start by proving that f has a fixed point. Denote d : M x M — R™T the
geodesic distance and take an arbitrary point € M then put ¢ := d(z, f(x)). Let
v : [0,1] — M be a minimizing geodesic joining x to f(z), which exists since M
is complete, then f? o~ is a smooth curve joining f(z) and fi*!(x) with length:

[ - / (o) (1), (0 1) () deor gt = €,

Therefore if m,n € N are such that m < n then:

n+1 n+1 oy

m n 1 i i c
d(f™( de RO ED DR D

i=m i=m

and thus (f™(z))., is a Cauchy sequence in (M, d) hence converges to some z* € M
since M is complete. Now z* is obviously a fixed point of f, furthermore z* does
not depend on the choice of x, indeed given z € M and « a geodesic joining z to
x*, we get that f™ o «v is a curve joining f™(z) to f™(z*) = z* and so:

d(f™(z),z*) <L(f"oa)=c"4(a) — O. (9)

m——+o00

Now fix a neighborhood U of * in M with compact closure. Then there exists a
constant K* > 0 such that for any y € U and any unit vectors vy, vy € Ty M:

|<Ry(U1702)U171}2>y| < K*a (10)
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where R denotes the curvature tensor of (M,{ , )). Since f is also an affine
transformation, then for any z € M and any orthonormal family {v, w} of T, M:
<Rf’"(z)(f>:nvvf:1w)f:nvafflw> = (fM(R:(v,w)v), f"w) = 02m<RZ(U,U))U,U)>.
(11)
On the other hand, according to (9) there exists N € N such that f™(z) € U for
any m > N, moreover ||fv|= || fw||= ¢™, thus using (10):
Ry () (f0, fw) f0, fw)] < K| £ 2| £ w] P = ' K
and finally (11) gives that |(R, (v, w)v,w)| < ¢®™ for every m < N. We conclude

that (R, (v, w)v,w) = 0 for every z € M and any orthonormal family {v, w} of T, M
ie (M, (,)) is locally Euclidean. I

Theorems 3.0.3 and 3.0.4 have a number of interesting consequences, before we
state them we need to make some remarks:
Let X be an affine vector field on a complete Riemannian manifold (M, ( , })
and denote M the universal cover of M with the induced metric p*( , ) where
p: M —s M is the natural projection, then let M= My X - - - x M}, be its de Rham
decomposition. Next denote X the lift of X to M , i.e the unique vector field on
M satisfying sz(f(z) = Xy(z), then X is an affine transformation and since X is
complete, X is also complete hence an element of aff(]Téf , V). Moreover X is Killing
if and only if X is Killing.
By Theorem 3.0.3, we have aff(M,V) ~ aff(Moy, V) x - -+ x aff(Mj, V) and so X
corresponds to a unique family (Xo, ..., Xj) such that X; € aff(M;, V). According
to Theorem 3.0.4 gives that X1,..., Xy are all Killing vector fields, therefore X will
be Killing if and only if X is.

Corollary 3.0.2. If (M,( , )) is a complete whose restricted holonomy group
Hol,. (M, {, )) have no nonzero invariant vector, then Aff(M,V)? = Isom(M, ( , })°,
where V is the Levi-Civita connection of (M, { , )).

Proof. The restricted holonomy group I/-I\o/lm (M, (, )) is isomorphic to the restricted
holonomy group of its universal cover M, this is due to the fact that contractible
loops on M lift to (contractible) loops on M, this gives that the map:

Hol, (M, (, )) — Hol,y (M, (, ), 72w Tuporlo(Tup)~t =127,

is an isomorphism for any z € M , moreover the restricted holonomy group of M
coincides with the total holonomy group since M is simply connected. So our
assumption just states that M has no Euclidean factor i.e My is a point, which
gives in view of the previous remarks that every affine vector field on M is a Killing
vector field. |

Corollary 3.0.3. If X is an affine vector field of a complete Riemannian manifold
(M, {,)) and if the length of X is bounded, then X is a Killing vector field.

Proof. Denote M the universal cover of M with the induced metric g:=p(,)
where p: M — M is the natural projection and let M = My X --- x My, be its De

Rham decomposition. Next let X be the lift of X to M and write X = (Xo, .., X&)
such that X; € aff(M;, V). Then:

9(Xo0, Xo) < g(X, X) = (X, X),
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hence if X has bounded length then so does Xo. Now write Xo = Y £'9/d2" in
some (global) Euclidean coordinate system x!,... 2" of M. Since Xy is an affine
vector field then it satisfies:

(Lx, 0 Vy = Vy 0 Lx,)Z = Vixy,zY-

For Y = 9/0x’ and Z = 0/0x* we get that VY = 0, VZ = 0 hence by the previous
expression Vy Xy, Z] = 0 which is equivalent to:
82£i

Oxi dxk
This means that Xo = >37_, (3°]_, aija’ +0;)0/dz" where a;; and b; are constants,
but since X¢ has bounded length it follows that a;; = 0 for all 4,5 = 1,...,7 proving
that X is a linear combination of 9/9z!,...,8/0z" each of which is a Killing vector
field on My, we thus conclude that X is Killing. By the previous remarks, X is a
Killing vector field on M. 1

=0, i,j,k=1,...r

If M is a compact Riemannian manifold then the length of any vector field is
bounded, therefore:

Corollary 3.0.4 (Yano’s Theorem). Let (M, {(, ))
ifold with Levi-Civita connection V. Then Aff(M,

e a compact Riemannian man-

b
V)? = TIsom(M, (, ))°.
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